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Model Order Reduction in the Alignment Distance
and Metrization of the Kalman Decomposition
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Abstract—In this paper, we formulate the problem of model
order reduction for LTT (MIMO) dynamical systems in terms of
the alignment distance. The significance of this formulation is that
it establishes a natural quantitative link between the ‘“Kalman
canonical decomposition” and ‘“model order reduction,” and fills
an existing gap in this regard. The alignment distance includes
a large class of state-space based distances on the manifold of
systems of fixed minimal order n and output-input dimension
(p,m); it is a natural distance associated with the quotient space
structure of this manifold. The intuition behind our formulation
is to consider systems of orders lower than n as points on the
boundary of the mentioned manifold in an appropriate ambient
space; and the goal is to find a system of order at most r (on the
boundary) “closest” to a given system of order n, where closeness
is measured in the alignment distance. In materializing this idea,
certain theoretical and computational challenges arise, which will
be addressed (e.g., while we have to extend the alignment distance
to the boundary, the entire of the boundary is not metrizable;
hence, we pass to a subset of the boundary, called diagonalizable
s-balanced systems, and establish its metrizability). Ultimately, a
computationally-friendly problem is formulated, for which, using
methods of optimization on manifolds, we introduce an efficient
algorithm called Align, Truncate, and Project (ATP). We also give
some a-priori error bounds in terms of the Hankel singular values
of the system. Interesting connections emerge with the popular
balanced truncation method, which is a method not based on any
optimality criterion. Our approach is applicable to both stable
and unstable systems, and we establish robustness of feedback
stability in the alignment distance.

Index Terms—Linear dynamical systems, model order re-
duction, balanced realization, Kalman decomposition, alignment
distance, metrizability, optimization on manifolds.

I. INTRODUCTION

In minimal realization theory of linear dynamical systems,
the celebrated Kalman canonical decomposition [1] plays a
similar role as the singular value decomposition (SVD) plays
in the case of matrices, i.e., in the same way that the SVD of
an n X n matrix reveals its rank r, the Kalman decomposition
reveals the minimal order r of a linear dynamical system
of (state-space) order n. However, contrary to the SVD that
solves or is instrumental in solving the problem of best rank-r
(r < n) approximation of a rank-n matrix, there is no ma-
chinery that quantitatively relates the Kalman decomposition
to the problem of model order reduction, namely, finding the
best approximation of a minimal system of order n with one
of minimal order < n. In the language of B. C. Moore [2],
there is a gap between “minimal realization theory” and the
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model order reduction problem.' In this paper, we close this
gap and show how to quantify or metrize the Kalman canonical
decomposition.> The main question of interest to us is: how
to make sense of “comparing” the Kalman decomposition of
a minimal system of order n and that of non-minimal systems
of order n and minimal order r < n, and thereby formulating
model order reduction as finding a Kalman decomposition of
minimal order r “closest” to a given one of minimal order n.

The core idea in our solution is the notion of “realization
alignment,” which is the main idea behind in the recently
introduced alignment distance, and refers to finding the “best”
state-space change of basis that brings given realizations of
two minimal systems ‘“as close as possible” [3], [4]. Indeed,
the alignment distance is nothing but a way to compare the
Kalman canonical decompositions of two minimal systems.
Recall that a linear system of order n has an equivalence class
of realizations, all related by the so-called similarity action
or transformation, i.e., a state-space change of basis under
GL(n), the Lie group of non-singular n x n matrices. This
leads to the quotient space structure of the space of systems
of fixed order n (and input-output size (m,p), which is imma-
terial for our purposes). To find the alignment distance, one
first aligns given realizations of two systems and then com-
pares them. We have established that by considering balanced
realizations of the systems, the alignment can be done by
only an orthogonal change of basis—something which brings
about significant computational advantages [3]. The alignment
distance, however, is defined on the manifold of minimal
systems of fixed order n. The (intuitive) geometric picture that
we base our approach on is that of the manifold of minimal
systems of order n sitting inside the space of all systems
of order n, as an open subset, with non-minimal systems as
boundary points. Thus, our main goal is to formulate a “model
order reduction” problem, by extending—in a useful way—the
notion of “realization alignment” and the “alignment distance”
to the boundary of the manifold of minimal systems—thereby
comparing the Kalman decompositions of minimal and non-
minimal systems, in a meaningful way.?

IThe “gap,” indeed, is something that many students studying control theory
feel once they are taught the beautiful “Kalman decomposition;” as afterwards
they are left in vacuum, in the sense that nothing is done with it.

2In topology, the term “metrization” has a very specific meaning having to
do with equipping a topological space with a metric or distance function
that matches the original topology of the space. Here, we use the term
“metrization” more in sense of “quantification” with an eye on the exact
topological meaning, which becomes relevant too.

3As it turns out this geometric picture is not quite accurate, since not all
non-minimal systems can be included in this metric setting; instead, only a
subset of non-minimal systems that we call diagonalizable s-balanced systems
can be metrized, see Definitions 8 and 14.
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A. Prior Work: Diagonally (D-) Balanced Truncation

Attempts at closing the mentioned gap have been made
before, by Moore [2] and others, leading to the notion of “di-
agonally balanced (d-balanced) realizations™ and the method
of “d-balanced truncation” for model order reduction. The
method simply involves retaining “the strong sub-realization”
in a d-balanced realization and throwing out the weak sub-
realization. The strong sub-realization is the one which is
associated with the largest r Hankel singular values of the
system. This method is perhaps the most popular model order
reduction method. This is in particular interesting, since while
all other model order reduction approaches are based on the
input-output description of linear systems, the “d-balanced
truncation” method is based on the state-space description.
Its popularity can be attributed to its simplicity, effectiveness,
and computational efficiency as well as certain neat theoretical
error guarantees (see [5], [6]). The d-balanced truncation
method, however, is not quite an answer to the question of how
to quantitatively relate the Kalman canonical decomposition
and “model order reduction;” firstly, because in it there is no
quantification of “distance to non-minimality” beyond the use
of Hankel singular values as a measure of minimality—in a
loose similarity with how matrix singular values can quantify a
distance to rank deficiency. Stated differently, the “d-balanced
truncated realization” is not optimal in any quantitative sense.
Secondly, in this approach the role of ‘“state-space change
of basis” is ignored, as an attempt is made to identify a
minimal system with a d-balanced realization, whereas it is
well known that topologically this is not possible [7]—this
is manifested by the fact that a d-balanced realization has an
orthogonal ambiguity, when the Hankel singular values are
not distinct. In [2], Moore acknowledges “theoretical gaps”
in the justification for selecting the “strong sub-realization,”
as he leaves it as a conjecture that “internal dominance” of
the “strong sub-realization”—a property which is realization
or state-space basis specific—implies “external dominance”
—which is realization-independent. However, it is shown by
Kabamba [8] that “internal dominance” does not imply “ex-
ternal dominance,” i.e., the magnitudes of the Hankel singular
values alone do not determine the weight of a sub-realization
in the overall impulse response.

B. Scope of the Paper, Some History, and Contributions

This paper can be considered as a sequel to [3], and its
scope is primarily theoretical and devoted to (both stable
and unstable) Multi-Input Multi-Output (MIMO) discrete-time
deterministic systems. Nevertheless, in principle, our results
and methodology should be extendable to other cases with
little effort (see e.g., [9] and [3]). The primary goal is to
rigorously establish how “minimal realization theory” can
lead to “model order reduction” using the alignment distance.
The alignment distance includes a large class of distances,
although so far the simplest one, namely, the Frobenius norm
based distance has been studied (see (6)). Thus, effectively,
we are introducing a large toolbox of model order reduction

4Since we will deal with a slightly more general form of balancing, which
contrary to d-balancing has a differential geometric meaning, we explicitly
distinguish between “balancing” and “d-balancing” (see Sections II-B).

methods; however, the effectiveness of such a toolbox, in
practice, has to be examined extensively, and that is beyond the
scope of this paper. Although the related optimization is not
a convex problem, we believe that our proposed algorithm is
quite efficient and remains practical for systems of moderate
order (around 40 — 50). It is important to mention that this
work, in some sense, belongs to a line of research started in
the 1970s by Kalman and others in which the algebraic or
differential geometry of the state-space description of linear
dynamical systems was studied (see e.g., [7], [10]-[13] and
references cited in [3]). That line of research, however, did
not result in significant computational tools, and was more or
less abandoned by the end of 1980s. In that regard, we believe
that the current work is an important step forward.

The main idea of model order reduction using the alignment
distance was introduced in [14]. However, the current paper
contains major improvements, refinements, and extensions to
that work, including proofs, new results and new algorithms.

C. Summary and Outline

The rest of this paper is organized as follows. In Section
II, notation is established, and the basic theory of alignment
distance is reviewed. In Section III, we study the bound-
aries of manifolds of minimal realizations and systems, and
distinguish between the standard boundary and the elevated
boundary—a relaxed form of boundary that will be more
practical to work with. We also introduce the notions of
balanced Kalman decomposition, and s-balanced realizations
and state the Helmke-Moore lemma. This paves the way to
extend the alignment distance to non-minimal systems. In
Section IV, we give several possible formulations for “model
order reduction” based on the alignment distance. For compu-
tational reasons, our choice is Definition 15, which is based
on the elevated boundary, and some of its basic properties
are studied. In Section V, more general ways of metrization
of the Kalman decomposition are studied. Theorem 23 is
an important result which identifies a metrizable space that
includes both the minimal and non-minimal systems—this is
the space of diagonalizable s-balanced systems. In Section VI,
an efficient alternating minimization algorithm called Align,
Truncate, and Project (ATP) is derived to solve the model
order reduction problem. Optimization methods on manifolds
are used to this end, and yield significant improvements over
an earlier version in [14]. In Section VII, an a-priori bound
on the model order reduction error, similar to the well-known
results for d-balanced truncation, is given, and connection
with d-balanced truncation is studied. In Section VIII, as an
application, we show that internal stability under constant gain
feedback is a robust property in the alignment distance. In
Section IX, an example is given for reduction of an unstable
system; and Section X concludes the paper. Appendices A and
B contain certain proofs and derivations.

II. PRELIMINARIES ON THE MANIFOLDS OF SYSTEMS AND
THE ALIGNMENT DISTANCE

The reader is referred to [3] for a detailed and rigorous
introduction to the alignment distance. We consider a deter-
ministic discrete-time LTI dynamical (or state-space) system
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M of order n and input-output size (m, p) described by:
Ty = Al'tfl + But (1)
yr = Cxy,
where R = (A, B,C) € /:va’n’p = R™X™ x R x RPX™ g
called a realization of M. Here, u, is the m-dimensional input
assumed to be a deterministic stimulus. We denote the sub-
set of (internally) asymptotically stable (a.s.) realizations by
L3, np- Given a positive integer r < n, partition the matrices
conformaly as A = [ﬁ; 1’2;2} B = [g;] C = [cu Cr2],
where A11 is r x r. We call R11 = (All»Bllvcll) and
Rgy = (Asa, Ba1, C12) the top (or 11) and the bottom (or 22)
sub-realizations of R, respectively. For a (possibly unstable)
realization denote by O, = [CT,(CA)T,... (CAK—HT]T
and C, = [B, AB, ..., A*~1B] the observability and control-
lability matrices of order £ (n < k < o0). Here T denotes
the transpose operation. The observability and controllability
Gramians of order £ > n are defined as W, ;, = (’),;r(’)k and
Wer = CiCl, respectively. For k = oo a.s. of A is needed; in
this case depending on the situation we may use W, and W,
or W, j, and W, while letting £ = oo. For an a.s. realization
R the controllability and observability Gramians satisfy the
Lyapunov equations
W.=BB" + AW_A", (2a)
W,=CTC+ATW,A. (2b)
The Hankel singular values of M which we denote by A\; >
Ao ... > )\, are the square roots of the eigenvalues of W, W,
(they are invariant under a state-space change of coordinates).
Let A be a diagonal matrix with diagonal Aq1,...,\,. If the
realization R is d-balanced, then we can assume W, = W, =
A. Given a d-balanced realization R, we always assume that
the singular values are non-increasingly ordered, and call R
and Ry, the strong and weak sub-realizations, respectively [2].
A. Quotient Manifolds of Minimal Systems of Fixed Order
We distinguish between a realization R and M, the system
realized by R, which has an equivalence class of realizations,
all related by a change of coordinates under GL(n). Specifi-
cally, denote the state-space change of basis or the so-called
similarity action by o, where for any P € GL(n)
PoR= (P 'AP,P7'B,CP). 3)
Then R and P o R are indistinguishable from an input-output
point of view. Thus, the space of systems is the quotient of the
space of realizations under the action o. We write L, p=
Lonnp/GL(n) and L%, =L5 . /GL(n) for the as. case,
and assume that both are equipped with the natural quotient
topology. We call [R] = {P o R|P € GL(n)} (also denoted
as GL(n) o R) the GL(n)-orbit of R, and identify it with M.
The space L, p is not a nice mathematical object (e.g.,
it is not even Hausdorff, see Section III-B). However, if we
restrict attention to the space (manifold) of minimal realiza-
tions Y% or a.s. minimal realizations ¥7,7',, then their

respective quotient spaces (namely TMi% £ 3min /T (n)

and Ypina £ Smina /GL(n)) are smooth manifolds of di-

mension n(m + p). Here, smoothness comes from the usual
notion of smoothness in the Euclidean space L, .. The

ot . S min min S-min,a min,a
realization-space pairs (X775, , Y00, ) and (X5, 2 )

m,n,p
form an object called principal fiber bundle with structure

group GL(n).

Defining a (group action induced) distance on the bot-
tom or base space X of a generic principal bundle (X,3)
with structure group GL(n) is conceptually simple: Given a
GL(n)-invariant distance Jg on the top space one defines
dz(MhMg) = ianeGL(n) dé(P o Rl,Rz), where RZ(Z =
1,2) is any realization (or representation) of M;. The distance
ds(P o Ry, Ry) is GL(n)-invariant if dg(P o Ry, P o Ry) =
dNE(Rl,Rg) for VP € GL(n) and YRy, Ry € . The simple
intuition here is to align the two realizations (bring them as
close as possible) by sliding one along the fiber it belongs
to. We call such a distance a noncompact alignment distance.
The main difficulty with the noncompact alignment distance is
that (due to noncompactness of G L(n)) constructing a G L(n)-

invariant distance ds; is complicated (see [3], for details).
B. Bundle Reduction and the Alignment Distance

One might wonder if we could somehow replace GL(n)
with O(n), its (compact) subgroup of orthogonal matrices. The
answer is positive, and in a general setting it is called reduction
of the structure group, a notion which has a precise meaning
in differential geometry [3], [15]. In the context of control
applications certain forms of realization (Gramian) balancing
[16] and [17] can be linked to the reduction of structure group
[3]. Define the set of a.s. balanced minimal realizations as

5imin,a,bl _ {(A,B,C) c igllinﬂ‘ |W0 =W, » 0}7 “4)

m,n,p s1P

and the set of k-balanced minimal realizations (n <k <o00) as
OxMOE _ {(A B,C) € &M W,y = Wep = 0}, (5)

m,n,p m,n,p
where X > 0 means that X is a positive definite matrix. In
comparison with the sets of d-balanced realizations, in these
sets, diagonality of the Gramians is not enforced. If R belongs
to OZ%?&%’;’I so does @ o R for every Q € O(n). Conversely

if R and P o R belong to OL™™™™ for some P € GL(n),

m,n,p

then P € O(n) [3]. The same holds for Ox™MMPLE One can

2\ Same m,n,p
show that OX™™*" and (92;‘,’;7","3;]“ are smooth submanifolds

m,n,p
(called reduced subbundles) of ng‘,ﬁp and %?w’ respec-
tively [3]. The key point is that Sm%2 = QD" /O(n)
and X0 = (’D\EHT:rlnb;k /O(n), where equality is in the
sense of diffeomorphism (see [3] for more details). Other
forms of balancing and reduction of the structure group are
possible [3]. We may use “reduction” and “standardization,”
interchangeably, and call a realization in a reduced subbundle
a standardized realization. In the rest of the paper, we may
write (O nps Smonp) to denote either (OXMHP ymina )

m,n,p 7 —m,n,p
or (OXMnPLE ymin ) By O we mean the closure of
m,np ) “mn,pl BY m,n,p

55?:?;:;;]“ in Ly,n,p or the closure of 55“;:%’51 in Zﬁn,n,p'
Also in certain cases (e.g., in Section VI) we let k& = oo in
OEMMPF in which case OZm > = OnmmY,

The alignment distance can be defined in a very general set-
ting [3]. Here, we limit ourselves to some specific choices. The
starting point is an O(n)-invariant distance on the realization

space. Our choice is the Frobenius norm based distance:
(R, Ro) = || A1 — Ag|| %+ | B1 = Ba[3+[|C1 — Cal|, (6)
where R; = (A;, B;,C;),i = 1,2. Then we define:
Definition 1 (Alignment Distance): Let My and M be two
systems in X,,, . The alignment distance subordinate to
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(standardization) (r’)\im,mp is defined as
dp(My, M) = min dp(Q o Ry, Rs), (7N
QEO(n)

where R;(i = 1,2) is any realization of M, in @mm,p. The
above minimization problem is called the realization alignment
problem subordinate to O%,, ,, ».

Thus the realization alignment problem is simply defined as
aligning two standardized realizations by an orthogonal state-
space change of basis so as to minimize the above distance.
The alignment distance is a bona fide distance, i.e., it is
symmetric, positive definite and obeys the triangle inequality
[3]. Computing the alignment distance amounts to a (non-
convex) optimization on the manifold O(n), for which efficient
algorithms can be devised (see [18]).

C. Positive Definite (p.d-) Balancing

By a (k-)balancing matrix (transformation or change of
basis) for R € X" . we mean P € GL(n) such that PoR €

OXMPF This means that PTW, P = P~'W,, P~ 1. If
P is a balancing matrix for R so is PQ for any Q) € O(n).
However, as it can be shown, the symmetric positive definite

(p.d.) matrix S = PPT which solves the balancing equation:
SWo,kS = Wc,k’ (8)

is unique; thus the p.d-balancing matrix, P = VS, which
is the (unique) square root of S, is unique [19, Ch. 8], [3].
Interestingly, .S is the Riemannian average of Wofk1 and W ;,
on §(n) the manifold of n xn symmetric p.d. matrices (see [3]
for details). Finding S is as simple as finding any other bal-
ancing transformation P, i,e., we just set S = PP, although
we also have: S = Wclf(Wcjk1/2WOTklWcjkl/Q)l/QWCI’,/f. P.d-
balancing is useful in establishing certain important results
about balanced realizations (e.g., in Sections IIl and VI-A).
IfR € (’)Zﬂﬁ’ﬂ;k, then we have S = I,,. As mentioned earlier,
this property is closely related to the notion of “reduction
of the structure group” in a principal fiber bundle. Indeed,
the smooth map v : X0 — S(n), where v(R) = S~!
and S solves (8), is called a bundle reduction map, and

OO F— 1y =I(I,) is a reduced subbundle of M1 3],

III. THE BALANCED KALMAN DECOMPOSITION AND THE
BOUNDARIES OF MANIFOLDS OF MINIMAL
REALIZATIONS
In this section, we first describe the boundaries of the
manifolds of balanced minimal realizations. We distinguish
between “boundary” and “elevated boundary,” the latter being
a relaxed form of boundary, leading to a computationally
simpler model order reduction formulation. In Subsection
III-B, we introduce s-balanced realizations, a generalization
of balanced realizations. We also state the Helmke-Moore
Lemma, which helps us to understand why the quotient system
spaces Ly, np and Ly, , . are non-Hausdorff, and how to deal
with it. Most of our results are expressed in terms of balanced
Kalman standard (or canonical) realizations defined as:
Definition 2 (Balanced Kalman Standard Realization): We
call a realization R € L, , , of the form

A= o] B=[).C=lewol,
with Ry = (A1, B11,C011) € Z%ij’;,}’;;k a k-balanced Kalman
standard (or canonical) realization of minimal order 0 < r <

n. If Ry € iﬁ‘,‘j:‘;f‘p and A is a.s., then we call R an a.s.
balanced Kalman standard realization of minimal order r. If
R is of the form (9) but R;; is not minimal, then we call
R a balanced Kalman standard realization of minimal order
not larger than r. In general, if R € L, , has a Kalman
canonical decomposition in which the standard realization is
balanced, then we call the decomposition a balanced Kalman
canonical decomposition of R.

A. Boundaries of Manifolds of Balanced Minimal Realizations

First, we study the boundaries of O (in L2, ,,

) and
02‘;3;“;’;,’“ (in 27,,,%1,). We start by recalling that in a metric
space M, a point x ¢ S is a boundary point of S C M if

and only if (iff) it is the limit of a sequence of points in S.
Proposition 3: A realization R € Zinn of minimal order
r < n belongs to the boundary of OXm™"" iff R = Q o
R, where Q € O(n) and R = (4, B,C) is an as. Kalman
standard realization with Ass being the A-matrix of a balanced

realization in Eg?f_np (independent of Ryy).

Proof: Since R is on the boundary of (’DET:;?,’LZEI and of
minimal order r, the Gramians of R are equal of rank r.
Thus with an orthogonal matrix Q € O(n) the Gramians,
W, and W, can be converted to diagonal form Q' W.Q =
Q' W,Q=A= [/})1 1& } , where the diagonal r x r matrix Ay
is positive definite (with diagonal elements in non-increasing
order) and the diagonal (n — r) X (n — r) matrix As is zero.
Accordingly, the realization R = Q) o R is d-balanced and we
have R = Q o R with Q = Q. So it suffices to prove a
d-balanced version of the claim and characterize the boundary
points which are d-balanced, namely where Ri; is d-balanced
and Ass is the A matrix of a d-balanced realization. Next, we
try construct the (d-balanced) boundary points as limits of (d-
balanced) minimal realizations. To this end, first we consider
the continuous-time case in which parameterization of a d-
balanced realization R® = (A°, B¢, C°) is straightforward [8],
[20] and translate the result to the discrete-time case via the
well-known Mobious transformation [20]-[22]:

p(A°, B, C%) =((In — A%) (I + A, (10)
\/i(-[n _ AC)—lBC7 \/ﬁcc(‘[n o AC)—I)7
which is a homeomorphism between the manifolds of

continuous-time and discrete-time a.s. minimal realizations of
order n and size (p,m) with the inverse

¢ (A, B,C) =((In + A)~H(A - I),
V2(I, + A7 B, V2C(1, + A7,
Crucially, R¢ and ©(R°) have the same respective Gramians

[20], [21]. Thus ¢ and cp_l remain continuous and bounded up
to the (bounded) boundary points (non-minimal realizations).

Y

In continuous-time, the free parameters for d-balanced re-
alizations are: the Hankel singular values A\; > 0 (1 <14 < n),
matrices B € R"*™ and C € RP*"™ with the restriction that
|Bill =1 and ||C;|| = 1 and if \; = \; then B;B] = C]'C;
(Bi and CZ being the it" row and column of B and C‘,
respectively), and the balanced gains 7; > 0 (1 < i < n).
Define I" = diag(vy1,...,7vx). Then we have:

B*=TB, C°=Cr (12a)
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ij = Qi =\ viv; (B B \;—CT i .
! I ’Y’Y]( )\2 )\2 ) 7& 7Al7é)\]7
where if \; = A; then a -+ aj = w This latter

condition means Cthat if \; = )\], then the skew- symmetric part
of the matrix [;“ ;“
the last n—r singjllllajrjvalues Ar41,-- -5 Ap to zero and keeping
the other free variables constant, A° will become unbounded,
which is not of interest to us (see below). To get bounded A€,
2 has to be sent to zero with (at least) the same rate as \;.
Let)\ —5)\ and y; = €7; forr<z<n(/\ > 0,7 > 0).
Denote the limit realization as ¢ — 0 by R¢ = (A¢, B¢, C°).
Observe that the last n — 7 rows and columns of B¢ and C°
are zero, i.e., B¢ = ,C¢ =[5, 0]. For the index pair
(i,4) with i > r and 5 < r and the index pair (i, j) with j > r
and 7 < j we have aj; = 0. This means that blocks AS, and
AS, are zero. The elements of the block AS, are determined
based only on the free parameters with index i, j < r, hence
the sub-realization (AS,, BS,,C$,) is d-balanced and minimal
(order 7). Next note that for r+1 <1¢,7 <n

’71

] is left arbitrary. In (12b), By sending

23, i=J
a;; = A (B BT A, —CTCR) ., . (13)
! ’Y’Y]( )\2 )\2 2#37)\2' #)\‘]7
and if \; = \;, then ag; +a5; = M Thus AS,

is determined as if it Were the A matrix of a d-balanced
minimal realization of order n — r determined by le, Clg
and )\“ ¥i (r +1 <4 <mn). (This realization is indeed RSy =
(A%, T2Bs1, C1oT'2), where I'y = diag(§r41, .- -, %)) Thus
as R° approaches a boundary point R¢, o(R°) also approaches
a boundary point R which is also d-balanced. (Since ¢ maps
an unbounded A° to an unstable discrete-time A, we only
need to consider bounded boundary points R°.) Since A° is
block-diagonal, we note that the top realization of R, Ri1,
is d-balanced, A5 = 0, A15 = 0, By; = 0, and Cy5 = 0.
Moreover, we have Ay = (I, —ASy) " (I, +AS,), which
means that Ay is the A-matrix of a discrete-time d-balanced
realization of order n—r (that realization being ¢ (RS,)). This
completes the proof of the d-balanced version of the result; as
explained, the balanced version follows immediately. ]

Proposition 4: Any realization R € L,, ,, of minimal
order 7 < n on the boundary of Oy min-bLk n <k < o)

'm,n,p
can be written as Q o R, where R € Em,w) is a k-balanced
Kalman standard realization of minimal order 7.

Proof: Similar to the proof of Proposition 3 we see that

R = Qo R, where it suffices to consider a d-balanced realiza-
min,bl, k

tion R of minimal order  (on the boundary of @mm,p ). In
this case, we have S
Werp=A=Y" ABBTAT, (14a)
Wor =A=SrLATTCTCA, (14b)

where A = [ 5] and the r x r diagonal matrix A; is positive

definite. For every 4, in the i*" term inside both the summations
the (2,2)!" block must be zero. Thus we have By, = 0
and Cy5 = 0. Now, considering the term for ¢ = 1 in the
summation in (14a), we must have Ay By, = 0. This implies
[AHBHBLAL 0}

0 0

that for ¢ = 1 the summand term is . More

generally, for i (1 <i < k—1) we have Ay A°;'By; = 0 and
the summand term is [A;IBH%B(ALY 8 for1<i<k-—1

(]{3 Z n) Thus A21[311|A11§11| [N |/1]{;2311] = 0 and the
k—1%" order controllability Gramian of the top sub-realization
Ryq is Ay, hence it is full-rank (note that k—1 > r). It follows
that in the above equation Ay, = 0. Similarly, from (14b) we
get Aj5 = 0. This completes the proof. [ ]

Contrary to Proposition 3, this proposition is silent on the
explicit form of the Aso-matrix of R. However, we conjecture
that a similar result as in the a.s. case also should hold.

Next, we extend the definition of balanced realizations to
non-minimal realizations and define the elevated boundary of
the manifold of balanced minimal realizations:

in,bl, k
Definition 5 (Balanced Realizations): We call OZZnn »
and (’)E:jnna; l defined as
——min,bl,k
Ozmnp _{REEmnp‘Wok—ngiOh (15)
and _
=——min,a,bl
OEm’n’p £{Re Em mp | Wo=We =0}, (16)

respectively, the sets of k-balanced realizations and balanced
a.s. realizations of order n and size (p,m). Alternatively,

bLK
we call boundary of ozﬁ"‘np as the elevated boundary
bl,k
of OZ?:“,:) ;k (and (92::“”1, itself as the elevated closure
of (’)Er,?;"nb;k) A similar terminology applies to the case of
——min,a,bl
0%,,,, and OZmm,
Non-minimal balanced realizations form the boundaries of
——min,a,bl ——min,bl,k
mon,p and (’)Zmnp We leave the proof of the next

proposition as an exercise:

Proposition 6: A realization R € Em n,p Of minimal order
n,bl, k =——min,a,bl

r < n belongs to the boundary of (’)Zm np (esp.OX, o )
iff it can be wrltten as R=QoR, where R is as in (9) with

Ry € (’)Efnnnrp (resp. Ry € (’)E?n"nflg ) and Ay arbitrary
(resp. a.s. but otherwise arbltrary)
1,k ——min,bl,k
In comparing (’)Emnp with O%,, . (the closure of

(’)Egnnb;)k) we see that both have the same interiors (namely

OZ“,:"nb;k) but different boundaries. However, the two bound-

aries can be related:

Proposition 7: Any balanced realization R of minimal 7 on
the elevated boundary of 552:;“”&;1 (resp. (’)Ef:nnb L) is of the
form R = PQoR, where Q € O(n), P = [ P(:J € GL(n),
and R is a balanced Kalman standard realization of minimal

“y5-min,a,bl min,bl,k
order 7 on the boundary of O%,, ), (resp. OEmlfln,p ).
n,a,bl

Proof: For (’)Zm np and (’)E[,;L"nndz?l the proof follows

from Propositions 3 and 6: Since the Ass-matrix of R has the
form as if coming from a balanced realization in E:',‘:‘nafryp,

then as Ayy and Py € GL(n—1) vary, P231A22P22 generates

=——min,bl,k
all a.s. n —r x n — r matrices. The proof for O%,, , p
———min,bl,k
and OEm n,p 18 indirect and relies on Propositions 9 and 10

which relate to s-balanced realization defined in the next sub-
section: By Proposition 9, R is s-balanced, and by Proposition
10, it belongs to the GL(n)-orbit of a balanced realizations

——min,bl,k

of minimal order 7 on the boundary of O% which can

m,n,p °
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be assumed to be a d-balanced Kalman standard realization R

with Wor = Wee = [41 5] with Ay = 0. If Po R (P €

GL(n)) is to be balanced, then PTW, P = P71W, , P~ T,
which implies that P = {Pél PZ } with Pjq EO( )- |

——min,bl,k

Thus, in calling OZmnp the “elevated closure” of

(’)Zm'" b;k, “elevated” means that P(Q belongs to a larger
subset of GL(n) than O(n) (cf. Propositions 3 and 4).
B. S-Balanced Realizations and the Helmke-Moore Lemma

We start by defining s-balanced realizations:

Definition 8: (S-balanced Realizations) We call a realiza-
tion R € L, », a subspace-balanced (s-balanced) realization
of order n and minimal order r if its Kalman canonical realiza-
tion (structure) is comprised of only a minimal realization of
order » < n and an uncontrollable-and-unobservable realiza-
tion of order n—r, i.e., it can be written as & = Po R, where
R= ([AO“ Agz] ,[Bi1 0], [061]) and Ry1 = (A11, B11,C11)
is minimal of order r. For such an R, we call the system
realized by R a balanced system of order n and minimal order
r. We denote the set of all (resp. a.s.) s-balanced realizations

by Zm np (TESP. Em n p) The respectlve system spaces will
be denoted by E”,,’L‘“np £ Zmnp/GL(n> and Eglwmnap 2

::nnap /GL(n). We denote either of these realization-system

pairs by (Emym’p,im,nﬁp).

It can be shown that R being s-balanced is equivalent
to requiring its controllability and observability Gramians of
some order k (n < k < oo), W, and W, 1, be of rank
r < n and N(Ws ) N R(We ) = {0}, where R(X) and
N (X), respectively, denote the range and null spaces of matrix
X. This is where the name ‘“subspace-balanced” is taken
from. Any balanced or k-balanced realization—minimal or
non-minimal—is s-balanced, but controllable or observable
realizations may not be. It is easy to verify that:

Proposition 9: A realization R € L,, , , belongs to the
GL(n)-orbit of a balanced realization iff it is s-balanced.

The next proposition relates the boundary of the manifolds
of balanced minimal realizations to s-balanced realizations.

Proposition 10: Every s-balanced realization R € Lonyp
(resp. R € L',m n,p) Of minimal order < n can be written as
R = PoRVF (resp. R = P o R") for some P € GL(n)
and RPF (resp. R") at the boundary of Oy min-bLk (resp.

m,n,p

OZI:::nna;l) and of minimal order r (n < k < 00).

Proof: We only prove the case R € Em,w,, as
the other case is similar. It suffices to prove the claim
for when R is a Kalman standard realization, i.e., R =

([AO“ AZJ , [Bél] ,[C110)]), where Ry = (A117311,011)

is minimal of order r. Next, consider a sequence {R.}.
(¢ > 0) with lim._,oR. = R in ymin  defined as R, =

m,n,p
(A 2] [ B ] Lo ccn), where (Azz, Ba, Cra) s
minimal. It is known that R. is minimal, iff A, and A
h_ave no common eigenvalues [23]. For now, we assume that
Aj; and Az have no common eigenvalue. The observability
() _ [0(1) 0(6,)]
) o(s? o(e?)
where o(¢) is a matrix function of approprlate size and

lim._, ||@||F =1 < oco. Also Wc(i) has the same form.

Gramian of R, can be written as W

Consider the unique p.d-balancing RY"* = \/S_o R, where S.
solves the balancing equation S, W(E)S = W(E) (see Section
II-C). S depends on smoothly ¢ > 0. From the balancing
equation, we see that the determinant of S. must be of order
o(1). Since S. is symmetric this can only happen if S is of the

o) O(E)] Since S-' solves Wo(f) = SE_1WC(;)SE_1, it

form [0(6) o(1)

also has the same form. Hence, P. = /5. and P! = /S
remain bounded, which means that (possibly after passing to
a subsequence) lim. o P. = P for some P € GL(n). Hence,
the limit realization R°"* = Po R is of minimal order r at the
boundary of OEI;::nnb;,k, which proves the claim. If A;; and
Ay have common eigenvalues, we replace Ayy with Ago+c1,,

and the rest of the proof will essentlally remain the same. M

This result justifies the in s i.e., its every element is

m,n,p’
mm,bl,
related to an element in O, ,, =~ by a state-space change of

basis. By extending the idea in this proof, next result shows
that the Ass in Propositions 3 and 4 cannot be arbitrary:

n,bl,k min,a,bl
p (resp. ox

Proposition 11: For any Rin 0%,
P o R belongs to ook

m,n,p

m,n
——min,a,bl

(resp. O, ,, , ) iff P € O(n).
Proof: We give the proof only for Ome Lk and the

m,n,p °
proof for OEmmn p 18 essentially the same. For R € (’)Eﬂmnb;,k
the result follows from the bundle reduction theorem. For

R on the boundary of OX™"*"¥ We continue the proof

m,n p
of Proposition 10. Denote the Gramians of R?M* by Ws’,l,;(s)
and Wbl ©) We have I/Vbl (&) ch}l,;(e) and both are again
of the form {08 O((EE))] Let us consider P. for which
PTWNE P = PwWl 9P T with P.PT = 5. we get
the balancing equation SEWE l,;(s)Ss = Wb] (E) . The key point
is that for Ve > 0, S. = I,, and since S depends smoothly
on ¢, in the limit also we have S.—o = I,,, which means
Py e O( ) ]
An important consequence (used to prove Theorem 24) is:

——min,b ——min,a,bl

Proposition 12: OZmnp /O(n) (resp. O%,, ,, /O(n))

mnp)’

and Efn““n p (resp. ZET" ) are equal as sets.

L Prg(zf A system M € EI,‘,‘L‘“,élpk has a realization in

——min,bl, ——min .
mon,p » thus ET,L"‘WP bCk 0%, np /O(n). If there is a

~— —min
realization R € OY%,, ., =~ and P € GL(n) for which
bk
PoR e Osm™ but Po R is not in the O(n)-orbit of

R, then the 1nclu51on could be strict. But that cannot happen
by Proposition 11. The case of a.s. systems is similar. [ ]

Now, we state the Helmke-Moore Lemma:

Lemma 13 (Helmke-Moore): (i) The G L(n)-orbit of R €
Lo, n,p (esp. B € Em np) under the 51m11ar1ty action
(3), is a closed subset of L, , (resp. Em np) UE 0t s
a s-balanced realization with a Kalman canonical structure
in which Asy is complex diagonalizable; (ii) Let R =
([“4r 2], [Ba] . [ca10)]) be a s-balanced realization of
minimal order r with A5 not (complex) diagonalizable, then
there exists another s-balanced realization of minimal order
r, R = ([Agl Aozz , [Bél] ,[€110)]), where Agy is complex
diagonalizable, P11 O (A117Bll7011) = (AllaBlla 011) for
some P;; € GL(r), Asy and A have the same eigenvalues
(but are not similar), and the G'L(n)-orbit of R belongs to the
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boundary of the GL(n)-orbit of R; moreover, the boundary
of the GL(n)-orbit of R is comprised of the GL(n)-orbits of
such realizations R.

Proof: See [19, p. 212-5]. The proof therein, due to the
intended application, is for R being complex-valued, however,
the same proof applies to the real case, as well. ]

For later reference it is useful to define:

Definition 14: (Diagonalizable s-balanced realizations) We
call a realization R € L, np as in Lemma 13 a diagonal-
izable s-balanced realization, and the corresponding system
a diagonalizable s-balanced system. We denote the space of

diagonalizable S- balanced realizations and its a.s. subspace by
= min

by and 2

m,n,p

m.n.p» Tespectively. The correspg)nding system

spaces are, respectlvely, denoted as Em p £ Em;’p /GL(n)

min,a = min ,a

and Em np = =%nn p/GL( n). The dlagonahzable subsets of

Em,mp, Em n,p> and (’)Em n,p are denoted by E by

m,n,p’
and OZm n.p> TESPECtively.
Using the Helmke-Moore Lemma, in Theorem 23, we show

that diagonalizable s-balanced systems E n,p and E:::lap
form metrizable subspaces of £,, ,, , and Em n.p- Lhe closed-
ness of the orbits in these (G L(n)-quotient) spaces is the key
to their metrizability. In general, although distinct GL(n)-
orbits do not intersect, the closure of an orbit may intersect an-
other orbit. If two distinct G L(n)-orbits are already closed—as
subsets of Ly, or Lj,, ., then obviously one cannot
intersect the closure of the other one. This is the case e.g.,
for the orbits of minimal realizations and diagonalizable s-
balanced realizations. In contrast, in part (ii) of the Lemma, the
respective non-diagonalizable s-balanced system [R] and the
diagonalizable system [R] are not separable by distinct open
neighborhoods, which means that E'fn““n p 18 not Hausdorff.
This is explains the source of non-Hausdorffness and non-

metrizability of Zm,n’p /GL(n).

IV. MODEL ORDER REDUCTION IN THE ALIGNMENT
DISTANCE: PROBLEM FORMULATION

We can formulate model order reduction based on the
alignment distance in, at least, two ways, depending on
whether we use the boundary or the elevated boundary of the
manifold of minimal balanced realizations. The first approach
is more mathematically elegant and natural, whereas the
second approach, which is natural in its own way, results in
a computationally simpler optimization, but is expressible in
terms of what we call the “one-sided alignment distance.”
Both approaches enjoy more or less the same properties
(e.g., both will give the same feedback robustness result,
see Theorem 30). Ultimately, for practical considerations,
Definition 15—the second approach—is our choice for later
developments and what we call model order reduction in the
alignment distance.

m,n,p’

A. Exact Extension of the Alignment Distance to %.

m,n,p
Ideally, because of Proposition 10, one wants to extend of
the alignment distance (7) to the space of s-balanced systems
nnp- However, 3, , , itself is non-Hausdorff and non-
metrizable; but the set of diagonalizable s-balanced systems,

3,n.np (recall Definition 14), is metrizable and Hausdorff (see

Theorem 23). Take any M, M, € 3

R, Ry € ﬁm,n,p' Here, @Em’n,p is the closure of 5§m_’n7p
with only diagonalizable realizations on its boundary. Now
define the (exact) extension of the alignment distance, which
we denote by dr, as: dp(Mq, Mz) = ming drp(Q o Ri, Ra).
We glso call dp the extended alignment distance subordinate

to 0%,

m.n,p With realizations

npe 1t follows (e.g., from Theorem 3 in [3]) that dp

is a distance on 5§m,n,p/ O(n) which matches its natural
quotient topology; recall from Proposition 12 that this quotient

(as a set) is nothing but 2 In Theorem 24, we show that

m,n,p* o
this topology matches the natural topology of im’n,p (as a
G L(n)-quotient). Next, we define model order reduction in
the extended alignment distance as: inf j; dp (M, M), where

M is a diagonalizable system of minimal r < n in imﬁw.
B. Model Order Reduction in the Alignment Distance

_ Consider the quotient (system) spaces ﬁmm,p /O(n) and
Ym,n,p- They match in their interiors X, , ,. However, on

its boundary, @m%p /O(n) includes distinct “systems,” as
O(n)-orbits, which belong to the same GL(n)-orbit; the
reason is essentially the elevated boundary (see Propositions
7 and 12). Havmg this in mind, we can define the alignment

distance on ((’)Emyn,p/O( n)) subordinate to (’)Em n,p iN an
obvious way: dp(My, M) = ming dp(Q o Ry, Ry), where

R; € O%,, ., is a realization of M; € O%,,,,/0(n)
( = 1,2). Although, outside of %,, ,, », dr is not a distance
between G L(n)-orbits, we will show that model order reduc-
tion based on it can be related to a distance-like measure on
the space of systems as G'L(n)-orbits (specifically ¥, ,, ):
Definition 15 (Model Reduction in the Alignment Distance):

Consider M € ¥, and let R € O%,, ,,, be a balanced
realization of M. Then the r"-order model order reduction
in the alignment distance (subordinate to the elevated closure

ﬁm,n’p) is defined as
M

=infoeo(m) rdr(Qo R, R),

where R is a balanced Kalman standard realization of minimal
order r at the elevated boundary of OZm n,p (see Definitions
2 and 5) and M the system realized by R. We call such a R
a feasible realization.

This definition is independent of the choice of any specific
realization R € O%,, ,, , of M. If R is a solution to (17), then,
as a notational convention and for convenience, we will write
the achieved quantity in (17) as dr (M, M), where now M is
the system in %, ,, , realized by R, i.e., it is a system as a
G L(n)-orbit. We will be mindful, however, that dp(M, M)
is calculated for a specific realization of M € X,,,,. A

subtle and important point is that since the search for M

over the entire of O%,,,,,/O(n), all the GL(n)-orbits in
im,n,p will be covered. Definition 15 (or specifically its right
hand side) is natural in the following sense: the alignment
distance is defined by aligning realizations on the manifold of
balanced minimal realizations (i.e., where the controllability

a7
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and observability Gramians are full rank and equal), this
definition is based on extending the notion of alignment to the
space of balanced realizations, where the Gramians are equal
but can be rank-deficient. Moreover, this definition allows to
achieve a smaller reduction error, as it is a relaxed version of
model order reduction in the exact extension of the alignment

distance subordinate to @Em’n,p.

Remark 16 (Analogy with rank-r Matrix Approximation):
At this stage, perhaps it is interesting to recall a formulation
of the best rank-r approximation of matrix X € R"*™ via
the SVD that resembles our model order reduction problem:
ming yeom), X HU_TXV — X||r, where X is diagonal, of
the form X = [%1 0] with X; > 0 being 7 x . Notice
that the simplest or canonical structure that can be achieved
via the transformation U XV is the diagonal form with
positive entries (the SVD theorem). A more commonly used
formulation is ming yco(ny, x | X — UXV 7|, which thanks
to O(n)-invariance of || - || p is equivalent to the previous one.

Remark 17: Eising [24] has introduced the notion of a
“distance to uncontrollability,” which it is not a distance
between systems, rather it is designed to measure how far a
specific realization of a system is from uncontrollability. In
fact, since by state-space changes of basis, one can bring a
given realization as close to uncontrollability as desired, the
notion of “the distance of a system to uncontrollability” is
meaningless. There are, however, apparent similarities between
our formulation of model order reduction and “distance to
uncontrollability.” In fact, the Frobenius norm based distance
(6) between realizations appears in that context too, and is
often referred to as the Eising distance.

The set of balanced Kalman standard realizations of mini-
mal r (i.e., the feasible set for R in the minimization problem
(17)) is not a closed set; thus, although we conjecture other-
wise, a-priori a feasible realization R achieving the infimum
may not exist. However, this is not a severe problem for model
order applications, as we have the following proposition:

Proposition 18 (A-priori existence of solutions): (i) In the
case of (OX"P\F ymin ) the problem in (17) always has
a solution in the following sense: there exists a balanced
Kalman standard realizatiorl\];% of minimal order at most r on
the elevated boundary of (’)Efxmﬂ,’k achieving the infimum;
(ii) Likewise, in the case of (OZm> Smina ) 4 realization
achieving the infimum always exists in the same sense except
that such a realization is either asymptotically stable or it is
only stable (i.e., it has pole(s) on the unit circle).

Proof: For (i), note that the set of balanced Kalman
standard realizations of minimal order not larger than r is the
closure of the set of balanced Kalman standard realizations of
minimal order r in L, (see Definition 2 and Proposition
6). Also note that if R = (A, B,C) is a feasible realization
for which one of ||Al|p, || B|r, or ||C||r is larger than
2(|AllF + ||BllF + ||C]|| ), then dr(R, R) > dr(R,0). This
means that the closure of the feasible set for the minimization
problem (17) can be considered as a bounded, hence a compact
set (O(n) is compact). Thus a solution achieving the infimum
exits in the sense stated. For (ii) the situation is similar in terms
of boundedness of the feasible set; but in this case the closure

of the set of feasible realizations in Emm,p includes balanced
Kalman standard realizations with poles on and inside the unit
circle. The statement is a consequence of this fact. [ ]

Although a7 is not expressed in terms of a distance

function in ¥, , ,,  (i.e., systems as G'L(n)-orbits), a slightly
different form of “alignment distance” can be useful for that:
Deﬁnitio:z 19 (One-sided Alignment Distance): Let

My, My €X,,, . We call
- mindy(Q o Ry, Po Ry)
dF(Ml,MQ): QP ~
HgndF(Q o R1, Ry)

Mo of minimal
order r<n,

otherwise

(18)
the one-sided alignment distance between M7 and My subor-
dinate to the closure O%,, ,, ,. In the above, R; is a balanced

Kalman standard realization of M; in O%,, ,,, R2 is a

balanced Kalman standard realization of M5 in 5imm7p7
Q € O(n), an(iP =[% sz] € GL(n).

Clearly, in dp(-,-) the order of arguments matters. Note
that the right-hand side of (18), indeed, depends only M; and
M>, and not a specific choice of the realizations. However,
while Ry can be in the elevated closure, R; must be in the
closure. Since the GL(n)-orbit of Ry € Ly, . p is closed (by
Lemma 13), as P or P~! becomes unbounded, P o R must
become unbounded; hence “min” is gsed in (18). Although

?lp is not a distance on the entire of 3, we have:
Proposition 20: The following hold on im,n,p: @) EF

matches the alignment distance dr (7) on X, ., p; (i)
EF(Ml, M) > 0 with equality iff My = Ms; (iii) If
M € Yy pnp is a third (minimal) system, then the triangle
inequality holds: dp(My, My) < dp(My, M)+ d p(M, My);
(iv) M — <&F(M7 M) is continuous for fixed My € X,,, , -

Proof: (i) is 0(])3vi0us. (i) for minimal systems follows
from (i), for M; € im?n’p of minimal order r < n, let Ry, R
be two balanced Kalman realizations, by Proposition 7, there
are Q€O(n) and P=[§ ;) ] € GL(n) such that dr(Q o
Ry, PoR) = 0. Conversely, let infg p dp(QoR1, PoRy)=0
for diagonalizable balanced Kalman standard realizations R;
and R,. By Lemma 13, GL(n) o Ry is closed hence, dp(Q'o
R1,P’o Ry)=0 for a Q€ O(n) and P'€ GL(n), i.e., Ry and
R5 realize the same system. (iii) follows from O(n)-invariance
of dp. (iv) follows from standard properties of quotient maps
and that the minimum of a function continuously depending
on a parameter is continuous. [ ]

Now, we can formulate a model order reduction problem as
infd p(M, M), (19)

where M is a system of order r < n in im’n,p. Our original
problem (17) is a slight—but practical—relaxation of this
problem, because in (17) no diagonalizablity constraint is
imposed on the Ajo-matrix of R. Since diagonalizable Ass-
matrices are dense in R”~"*"~" solving (17) is indeed more
natural, and does not affect the achievable minimum cost.

C. More on the Existence of Asymptotically Stable Solutions

Proposition 18 does not rule out the possibility that an
a.s. system may have a reduced order approximation that
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is only stable (i.e., may have poles on the unit circle). The
source of this is that the optimization involved is on an open
set. As far as issues such as robustness of stability under
feedback are concerned, the requirement that the reduced order
approximation of an a.s. must be a.s. is not essential. In
most input-output based model reduction formulations, if the
original system is a.s., the solution will be a.s.; the reason is
that the cost function involved (i.e., a norm of the difference of
system impulse response and the solution impulse response)
will blow up if the solution is not a.s. As seen next, in
certain special cases, we can improve Proposition 18. Further
improvements may be possible, but they seem challenging.
Proposition 21: If R = (A,B,C) € OEI:;nn‘lp and A is
symmetric, then any solution Rto (17) is a. s.

Proof: First we note that for any R € OX,)""  with A
symmetric the top (or bottom) sub-realization is balanced and
a.s. To see this let Ry = (A1, B11,Cq1) be the top sub-
realization of order r. Since A and A;; both are symmetric
their spectral radii is equal to their 2-norms. Thus we have
[[A11llz < ||All2 < 1. The same holds for As;. Also note
that from blandness (see (2)) we must have BB = CTC
and in particular Byy Bf| = C{;Cy;. This implies that Ry, =
(A11, B11,C11) is balanced. To see the main result let @ €
O(n) and R (with possibly poles on the unit circle) solve (17).
Then by applying the above results to () o R which is balanced
and a.s., we see that for R we must have Ry; = (Qo R)11
and Ay = (QT AQ)29; thus R is as. [ ]

Another example is when the target system is of order r = 1
(for a proof see Appendix A):

Proposition 22: If r = 1 and R € OZT,;nna;],
R = (A, B,C) achieving the infimum in (17) is a.s.
V. MORE ON THE METRIZATION OF THE KALMAN

DECOMPOSITION
In this section, we briefly stugiy the extension of the
noncompact alignment distance to fm’nﬁp (Theorem 23), and
the metrization of the (standard) Kalman decomposition for
model order reduction. Results in this section are primarily of
theoretical interest.

then any

A. Extension of the Noncompact Alignment Distance

The manifold %,,,, can be equipped with a GL(n)-
invariant Riemannian metric gr and the corresponding dis-
tance d (see [3, Section VI. B] for examples). Notice again
that we mean distances consistent with the natural topology
induced from the Euclidean topology of L, , ,. We assume
that d is an incomplete or a finite-escape-time distance, by
which we mean that given any R at the boundary of Ym,n,p
and {R;}; a sequence of interior points converging to R—in
the ambient distance, i.e., dr (R;, R) — 0, then for any interior
point R € X, (Which can be connected to the R;’s) the
sequence {d(R, R;)}; remains bounded. It can be seen that if
the associated Riemannian metric gr is such that §r, remains
bounded (as a quadratic form) as R; approaches R, then d will
be incomplete. The Krishnaprasad-Martin distance d*™ s an
example of such a distance (see [25] and [3, Section VI. B]).
Next, we note that Em n,p 1S an open subset of the space of

s-balanced realizations Em .n,p to which d can be extended by
the next standard procedure: Every non-minimal s-balanced

realization R can be considered as the limit of a sequence of
minimal realizations {R;}; converging in the natural ambient
Euclidean distance dp. It is easy to see that by setting
d(Ry, Ry) = lim; d(R{", RY”), where {R\"}; (j = 1,2) is
a sequence in 3,,, ,, ,, converging to R; € Sy, 1 p, (Em,nm, d)
becomes a metric space with distance d being G'L(n)-invariant
and matching the Euclidean topology of imyn,p.

Now we turn to the extension of the noncompact alignment
distance from 3., ,, to im,n,p. Starting with, d in order
to have a group action induced positive-definite distance d,
one needs to have the orbits being a closed subset of im,nﬁp.
Since otherwise, for two realizations 1, Ro belonging to two
distinct GL(n)-orbits, the closure of the orbit GL(n) o Ry
intersects the orbit GL(n) o Ry, and we get inf pegr(n) d(Po
Ri,Ry) =0, ie., d([R1], [Rz]) = 0. Thus we need to pass to

the subspace of diagonalizable s-balanced realizations im’n}p.
This leads to the extension of the noncompact alignment dis-

tance to the set of diagonalizable s-balanced systems X

d(My, My) = d(Po Ry, Ry),

m,n,p:
inf (20)
PeGL(n)
where R; € im,n,p is any realization of M; € Emnp
(¢ = 1,2). See [3, Theorem 3] for a proof that d is a
distance. It also follows from [3, Theorem 3] that the extended
noncompact alignment distance induces the natural quotient
topology, hence we have:
Theorem 23: The spaces of diagonalizable s-balanced sys-

min min,a
tems Zrn n,p and Zrn n,p

spaces of Ly, n p-
The next theorem generalizes the theory of the alignment

are metrizable (topological) sub-

distance to Zm np

Theorem 19]).
Theorem 24: The system spaces E min

m,n,p
——min,bl,k

(’) mop /O(0) (resp. OEmm’p/O(n)) are homeomorphic.
In particular, the extended alignment distance dg (deﬁgled in

in terms of the induced topology (cf. [3,

2 .
(resp. X,,70%,) and

Section IV-A) induces the natural quotient topology on fn“;i_’?%p
and E min ,a

Proof Slnce both cases are similar, we only prove the

in,bl, k
claim for Eg“;w and (’)Z:Lnnp /O(n). The fact the two
spaces are equal as sets follows from Proposition 12. We

need to show that natural quotient topologies are the same.

——min,bl,k . . .
0%, np /O(n) becomes a metric space using the extension

of alignment distance dr (associated with d ) and En“;";l 2 also

is metrized using the non-compact alignment distance d. dp
———min,bl,k = min

and d induce the same topology on O C %

mon.p and

m,n,p>
. . . ———min,bl,k
the respective projection maps of Eg“;l pand OZm np /O(1)

map open balls to open balls of the same radii (see proof
of [3, Theorem 3]). It follows that any open ball in one
topology contains an open ball in the other topology. Thus
the topologies match. [ ]

Finally, we turn to model order reduction and metrization
of the standard Kalman decomposition using the noncompact
alignment distance:
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Definition 25: Let M € %, ., and d be the noncompact
alignment distance associated with the extensmn of GL(n)-
invariant d to Zm n.p- Then we define the r b order model
reduction in the non-compact alignment distance as

infd(M,M)= inf d(PoR,R) Q1)
M PEGL(n),R
where M € im,mp is a diagonalizable s-balanced system of

minimal order r < n at the boundary of ¥,,,, and R is a
balanced Kalman standard realization of M on the boundary
of O%,, n,p of minimal order 7.

In theory, R can be any minimal order r realization and
does not need to be a balanced realization on the boundary of
O, n.p- However, since d is G L(n)-invariant we need to fix
the allowable change of coordinates in R to only orthogonal
changes, to avoid potential unbounded solutions. Further study
of problem (21) is left to a later work. We also mention that
computationally building d can be very challenging, let alone
solving problem (21).

B. Non-Distance Based Model Order Reduction

The basic idea of comparing a realization under change
of coordinates with another realization does not need a
GL(n)-invariant distance. For example, if we consider dp

in (6), then for any systems M, M, € % with real-

m,n,p

izations IRy, Ry € im,nm we can define a divergence as
Dp(My, Ry) = minpeg(n) dr(P o Ri, Ry). This definition
is not independent of the choice of R; unless we restrict [2;
to balanced realizations Z’)Em’n,p (due to O(n)-invariance of
dr). We can show that Dp (M, Ry) > 0 with equality only
if R, is a realization of M; (this follows from closedness of
orbits). Now, model order reduction can be defined as

inf _dp(PoR,R),

_ (22)
PeGL(n),R

where R € im,nm is a (minimal) realization of M € X, ,,
and R is a balanced Kalman standard realization of minimal
order r on the boundary of O%,, ,, , or its elevated boundary.
Interestingly, rather similar formulations have appeared in the
context of grey-box system identification [26], [27]. Algorith-
mically, solving (22) is not much different from our problem
(17), when R is on the elevated boundary of O, , p.

VI. AN ALTERNATING MINIMIZATION ALGORITHM:
ALIGN, TRUNCATE, & PROJECT (ATP)

In this section, we derive an efficient algorithm for solv-
ing the model order reduction problem (17) using alter-
nating minimization between @ and R. The algorithm is
called Align, Truncate, Project (ATP). Let Q and R =

—min,bl,k
([Ao“ ,422} [Buo],[G]) € O% solve (17). If Q

is fixed in mingdr(Q o R, R), where R is in the form
Proposition 6, then we must have Ay = (Q T AQ)22. This is
an important decoupling that happens thanks to the use of the
elevated boundary in Definition 15 as opposed to the (actual)
boundary, and the reason for our choice of Definition 15. Now,

the top sub-realization of R, Ry € OZ",:;?;E’;’]C, solves

JF((QOR)11,R11)~

m,n,p

min

mi (23)
Ri1 EOZT&T’,{’]’;

The above problem is projection (in the (Euclidean) JF
distance) of the truncated part or top sub-realization of Q o R
(namely, (Q o R)11) onto the space 02;“?;}’5’“. The iterative
ATP algorithm now is:

1: function APT(M, r)

2: choose a balanced realization
R € @Emin PLECof M and an initial guess

bl
RY € Ozﬁ‘“n )

3: repeat ~ ~
solve ming d%(Qo R,R') to find Q' >

Alignment Step

of minimal order r

5: truncate Q' o R to get RH'1 =(Q'oR)11
and ALt = (Q'TAQ")2 in R™! > Truncation Step

6: project RZ+1 onto OZ;I:nrb;,k to get Ri!
in R > Projection Step

7 until convergence

8  return Rit!

9: end function

Notice that in step 2, R can be a sorted d-balanced real-
ization of M and R° can be its 7** order truncation. Such
a realization is of minimal r, generically; more specifically,
if A, > A,y the strong sub-realization of order r (i.e., the
truncated realization) is minimal of order 7, but if A, = A1
it may be non-minimal [28]. However, even in this case it can
be made minimal by an orthogonal change basis.

The main computational challenge is the step of projection
(23). In discrete-time, sub-realizations of a balanced realiza-
tion (even if d-balanced) are, in general, are not balanced. In
certain cases, however, no projection might be needed, e.g.,
if the A-matrix in the balanced realization R is symmetric
(recall Proposition 21). In practice, the first step of alignment
might give a good enough approximate solution (see Section
IX and Figure 2); or as an approximation one might simply
re-balance the truncated realization using p.d-balancing (see
Section II-C).

A. Projection via Riemannian Gradient Descent

The manifolds (’)E:;"f;k and OZEHT‘IPM are submanifolds

of Ly, rp (Which is the same as R72+7m+”’) We equip these
manifolds with the natural Riemannian metric 1nduced from

the ambient Euclidean space. Given a realization R € E;‘};”n o

a projection of R on E)\fr:;“rb;k is defined as a minimizer of
the function f : OZ""MF — R
F(B: R) = di.(R, R), (24)
min,bl, k

i.e., a point on O, 7" which is closest to R measured in
Euclidean distance (see (6)). A similar definition applies to
OEI,?;"Tapbl with R € ﬁ%“‘n"‘p In the sequel, unless otherwise
stated we assume that 022“;?31‘;’“ includes the case k = oo,
and thus we treat both cases almost similarly. Notice that,
in general, R need not be minimal to define its projection
on OZI"™*: however, we make this assumption since it
brings about certain important benefits, which will become
clear shortly. This is not a major limitation because minimal
realizations are generic (or dense) in Ly, ;.

To describe the algorithm it is useful to introduce the oper-

ator vec(X') which stacks the columns of matrix X € R™*"
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fiber 'R
s |fiber

| _ ()Euclidean gradient

(—)Riemannian gradient

—— min,blk
myr.p

Fig. 1. Riemannian gradient descent for projection of R onto the manifold
of balanced realizations.

sequentially (from the first column to the n*”) to yield a vector
of size nm. The inverse of this operator is denoted by vec™!.
For aesthetics often we may write X instead of vec(X), i.e.,
= vec(X). For a realization R = (A, B,C) € Em,n
we define vec(R) = R L [vec(A)",vec(B) ", vec(C)"] ",
and vec(-) induces a natural isomorphism between mep and
R +rm+p Define the function i : R™ Trm+p — R™ ag
h(ﬁ) = WC,’C - V—[}mk, (25)
where W, W, are respectively the controllability and
observability Gramians of R of order £ > r. Notice that

O, = vee (1 (0n251)) N 0, and for k = oo,
(92‘7‘,‘:“71“ = vec (W71 (0,251)) N XA

Minimization of f in (24) is an example where the cost
function is extremely simple but the constraint set is a com-
plicated manifold. The Euclidean gradient of f at R € Y.min.bLk

e " m,r,p
is noting but %(ﬁ — R). We simply equip X% with the
Riemannian metric induced from the ambient Euclidean space
R’“2+’“m+:”. This implies that the Riemannian gradient of f
at R € SmnPLF is found by orthogonal projection of the
Euclidean gradient onto the tangent space of SI%PLk at R,
This orthogonal projection matrix IIg can be derived explicitly
from (25), the defining equations of the manifold Z%if‘;z’;*k. The
related calculations can be found in Appendix B.

Figure 1 shows the main steps of the algorithm. We initialize

by setting Ry = \/v(R)~! o R as the p.d-balanced version of
R, where v E%‘“Tp — S(r) is the bundle reduction map
described in Section II-C. Notice that this transformation is
simply moving R along its respective fiber into 0222121;]@. At
each step k, we move along the Riemannian descent direction
by step-size p and then do p.d-balancing to get back to the
manifold; if the cost function is not reduced enough, then we
need to reduce the step-size, and repeat the p.d-balancing step.
One could check along the way for asymptotic stability (if
needed). The algorithm based on Armijo’s steps-size selection
rule is described as the following steps (see [29, Ch. 4] and

[30, pp. 29-31] for more on Armijo’s rule):

1: function PROJECT_ON_BALANCED(R) >Re Z“,;;"T’p
“A5min,bl, k

2: Choose Ry € OZ?:;?np and o € (0,1).

3: repeat

4: set 4 =1and findIlg, the orthogonal

projection onto the tangent space of
Ozmm ,bLE at R'L’

m,r,p
=
: set gradfl = 1/2HR (ﬁ R)
6: set — pgradf; and Ri,, =
Vec_l(ﬁiﬂ),
if Ry, ¢ Xm0 then set p < /2 go to 6
8: find p.d- balan01ng transformation

S € 8(r) such that RZ 1_\@OR'GO ~ min,bl, k

i+l T

~

9: if f(RYy) > f(R;) — apllgrad fi|? then set
< [1/2 and go to 6 else set Ry = R, i1

10: until convergence

11: return R,

12: end function

The parameter « (usually set in [107°,107!]) ensures
“enough reduction” in each update, and is needed to rule
out pedagogical examples of non-convergence. In practice,
we have observed convergence with only checking the strict
decrease condition i.e., verifying f (R;'H) < f(R;) in step 9.
Note that for OET:;"Tapbl (i.e., k = 0), in step 6, the condition

R, ¢ E%‘",.ap needs to be ruled, and in step 9, the projection

matrix IIp, associated with 652:21?1 has to be used. Next,
we have this convergence result:

Proposition 26: Any accumulation point of the above algo-
rithm in (’)Ef,‘:i’l;’k is a critical point of f (24) on 022‘;?;?1‘,”“
(including & = o0).

Proof: The result follows from a general convergence
result, Theorem 4.3.1 in [29, p. 65]. To apply that theorem,
we need to show that the p.d-balancing transformation R +—

v(R)~1o R is a so-called retraction (see [29, p. 55] for the
definition). An explicit way exits to verify this (see [29 Propo-
sition 4.1.2, p. 57]): if we find an open subset of R” *rmrp,

&*, and a diffeomorphism ¢ : Ome ks (r) — &%, such
that ¢(R, I.) = R for every R € (’)Emm R then, ¢7 !,

first component of ¢! is a retractionr.n Iggr that, we s1mp1y
choose ¢(R,S) = SoR forany R € 55‘,“,;“}’;’“ and S € S(r)
(07 (R) = /v(R)~ToR). That ¢ is a diffeomorphism simply
follows from smoothness of o and v. Notice that £* = ¥min

m,r,p
min,a j—
(or Em 7 when k = oc0). u

Often in practice, R is close enough to @?r:nrb;,k so that
f has a unique global minimizer, to which the algorithm will

converge if started close enough.

VII. A-PRIORI BOUNDS AND COMPARISON WITH

D-BALANCED TRUNCATION

Although d-balanced truncation is not based on any optimal-
ity criterion, interestingly, there is a well-known a-priori bound
on the L* norm (in frequency domain) of the approximation
error for a.s. systems [5], [6]. The upper bound is 2 ZZ , +1

, twice the sum of the n — r residual (smallest) Hankel
singular values, which resembles a similar bound in the rank-
r matrix approximation problem. Here, we derive a simple and
essentially similar a-priori error bound for model reduction in
the alignment distance for a.s. systems:

Proposition 27: Let Ay > -+ > A\ > - > X, > 0 be
the Hankel singular values of M € Emm ! Let M be a best

r*" order a.s. approximation of M in the ahgnment distance
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solving problem (17), then we have

AL <2 3 M)+ %) 26)
(1= [ A22l2) 7 (5 Z M) >)

where A,y is taken from the weak sub reahzatlon R22 =
(Aa2, Ba1,C12) of order n — r of any sorted d-balanced
realization R of M.

Proof: The result follows simply from recognizing that
the alignment distance between M and M is not larger than
dr(R,R), where R = (A,B,C) is a sorted d-balanced
realization of M and R is any d-balanced realization of order
r on the boundary. Notice that Ry; = (A1, B11,C11), the
strong sub-realization of order r in R, is not d-balanced or
even balanced. However, it follows from a result in [6], that
if Ry; is modified as follows, then it will be d balanced:

Ay = Ay + Ap(L ., — Ag) ™t
Bi1 = Bi1 + Aia(In—r — A22)” 1le
Ci1=Ci1 + Cra(Ip—y — Ag2) ™!

27

By choosing R = ( Aal A022:| [ Bi1 0], [Cél]), we have:

di(M, M) < di-(R, R) = [[Av2[|% + || 21 |17
+||Ba1||7 + |Cr2||F + [|Ar2(In—r — A22) ™" Aos ||+
[A12(Tn—r — A22) ™' Bat |5 + [ Cra(Tn-r — Az2) ™" Ast |3
Now let A = [4' 0] be the d-balanced Gramian of M
(singular values put in decreasing order). Obviously (from
the Lyapunov equations (2)) BngzT1 =< A, ClgClTQ =
A2, A21A1A;1 j AQ, and A12A A12 ‘< A2 From the
first two we have ||Boil|7 < D7 ;A and [|Ciol3 <
|Az||F. From the last two we have \,.AsAJ; < A, and
ArApAly = Ag, and hence [[An|F < -0 N
and [[A1o]7 < 3-307,, Ao Each of the last three
terms in (28) also can be bounded as: |[A12(Ln—r —
Ago) M| < JAv2llE [ (Zn—r = A22) 73, | Ar2(Lp—r —
A2) ' Boi|lb < (| Avelf | Barl[f | (Tn—r — A22)~3, and
[Cra(In—r — A22) " An|F < |[[Cral A2 1F ] (Tnr —
Az2)7|3. The final result follows from these inequalities and
that [|(Ln—r — A22) 7'z < (1 — [|A2zl2) " u
This bound can be very conservatlve—and most likely can
be improved—as it is simply based on the evaluation of the
cost function at a feasible point. The upper bound in (26) is
interpreted as follows: the first term is due to truncation and
the second term is due to projection of the truncated top sub-
realization (onto X™mbly " which may not be balanced. The

m,r,p
bound can be improved easily when r» < m, p:

(28)

Proposition 28: If r < min{m, p}, then the second term in
the upper bound in (26) can be replaced by 2 '“

= T+1
Proof: The key point is that if A is d- balanced we can
build a d-balanced realization R}; = (Aj1, Bi;,C4;) from
sub-realization R1; = (A11, B11,C11). To see this, note that
from (2) we have Ay = By B} + A1 A Al + Aja A AL,
where A; is diagonal. Then since » < m we can find Bj; such
that B}, Bi] = B11B{; + A12A2A],. In particular, it is easy
to show that we can choose Bj; such that ||By; — Bj;[|% <
||A12A2Al,||F. To bound this, note that ||[Aj2AsAlL|F <
Ara1l|A12ALlIF < Ay which can be bounded by

)‘;—jl S 41 i (see the proof of Proposition 27). Similarly,

(1 can be found and a bound can derived, which will be
added to this bound. [ ]

A. Connections with D-balanced Truncation

Next, recalling the discussion in Section I-A, we see how
model order reduction in the alignment distance can be
considered as an enhanced version of d-balanced truncation.
The above proofs suggest that in certain cases d-balanced
truncation can be considered as an approximate solution to
model reduction in the alignment distance. However, the
realization alignment built in problem (17) may render the
two significantly different, as seen next.

Example 29: Consider the d-balanced realization R =

) _ [ 0.9999 —0.0010 _ ro. _
(A,B,C): A = [ 55010 00t ]+ B = [0:888] C =
[0.1026 0.9997 |, where W, = W, = A = [887345 0. ].

Since A is symmetric alignment distance reduction does
not need a projection step. If we use Moore’s trunca-
tion of the d-balanced realization as an approximation
we get the reduced order system with realization Ry =
([ g.94s7) - [*16%6] , [0.1026 0]) ((Rr)11 being the min-
imal first order solution) and (alignment distance) error
of dgyy = 1.2783, whereas with the alignment distance
based reduction we get the first order system Rarp =
(0990 ad96 15 [ 109597, [1.0050 0]) and error darp = 0.0059,
which is significantly lower than dgp,.

Here, although the Hankel singular value of the strong sub-
realization is much larger than that of the weak sub-realization
(88.7 > 9.99), the norms of By; and C are much larger
than those of Bi; and Ci; (.99 > .1). Thus overall the
truncated d-balanced realization is not a good solution to
the alignment problem and the realization alignment reduces
the error significantly. In analogy with the continuous-time
case (see proof of Proposition 3 and [8]), we call the norms
of rows of Bo; and C|, balanced gains. Interestingly, as
a shortcoming of d-balanced truncation, it has been argued
that d-balanced truncation is blind to the balanced gains (in
continuous-time) and may result in poor L? norm errors [8].
In our example, the /2 error norms are dpie2 = 3.1576 and
darp,¢> = 0.5631, indicating that the alignment distance model
reduction gives better £2 error in this example. However, since
our original criterion is different from ¢? this situation does
not hold in general. Recall that although a zero (or small)
alignment distance between two systems implies zero (or
small) distance between their impulse responses, the alignment
distance itself is not computed based on direct comparison of
the impulse responses. Finding an explicit relation between
input-output based distances and the alignment distance is,
indeed, a relevant and interesting question.

VIII. ROBUSTNESS OF INTERNAL STABILITY UNDER
FEEDBACK IN THE ALIGNMENT DISTANCE

Robustness of stability under feedback is essentially a
question about the topology induced by a distance used to
compare a system and its perturbations [31]. Distances such as
the L2, L>°, and Hankel norm based distances are not suitable
in that regard [31], [32], since intuitively, these distances
are defined for a.s. systems, and the distance between any
unstable system and a.s. system in such distances is infinity.
Instead, distances such a the gap metric are most suitable in a
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topologically exact sense [33]. We also recall that model order
reduction in the gap metric is computationally challenging.
The alignment distance provides an immediate and natural
formulation of robustness of internal stability. The nature of
the result, however, is limited or different compared with the
gap metric and operator-theoretic methods, as here the universe
of perturbations is limited to systems up to order n.
Consider a (possibly unstable) s-balanced system M €

f%if‘mp and the closed-loop system around it with output
feedback via a constant gain K € R™*P. The state-space
equations of the closed-loop system can be written as

Ty = Allft_l + B(Ut — Kyt—l)

yr = Cy,
where without loss of generality we assume that the realization
R = (A, B,C) is a realization in the reduced bundle of k-
balanced realizations OX™™** (for some k > n, see (5)).

(29)

m,n,p

Theorem 30 (Robustness of Feedback Stability on im,mp ):
Internal stability under constant gain output feedback is a
robust property on the space of diagonalizable s-balanced

systems % with respect to the exact extended alignment

. 5 . Ao minbLE . =
distance dr subordinate to O%,, =, ie, if M € X,

is internally a.s. undeg constant gain K, for small enough
e >0, every M € ¥, with dp(M, M) < e, is also
internally stable under feedback gain K. The same holds for
the one-sided alignment distance E r (18).

Proof: Let M € im%p be a system for which the closed-
loop system (29) is a.s., i.e., p(A — BKC) < 1, p(X) being
the spectral radius of matrix X. Notice that this relation is
independent of any specific realization R of M. Thus, without
loss of generality, we can assume that the realization R in

——min,bl,k _
(29) is in O% " Let M € ¥min

m,n,p m,n,p
a realization R € O%,,,, . If dp(M, M) < ¢, then there
exists @ € O(n) such that |[QTAQ — A||r < ¢, |QTB —
Bllr < € and |CQ — C||r < € thus for small enough e,
QT(A—BKC)Q and A— BKC can be made close enough.
Then, it follows that, because of continuous dependence of
the eigenvalues of a matrix on its entries, for small enough
& p(QT(A - BKC)Q) = p(A— BKC) < 1. A similar
argument applies to the one-sided alignment distance. Notice
that in this case, if M is a non-minimal system of minimal
order 7 then || QTAQ — P~ AP||r <6 [|QTB—P7'B|r <
e;and [CQ—CP|p < ewith P = [§ ;) ] € GL(n). So for
small ¢, P~*(A—BKC)P will be close to Q" (A— BKC)Q;
hence, p(A — BKC) < 1. [ |

A more workable statement (with the same proof) in relation
with our model order reduction (17) is:

Proposition 31: Let M € X% . Let M be a solution to
(17) (in the sense of Proposition 18) with dp (M, M) < €. If
M is internally a.s. under feedback gain K, then for small
enough €, M and any another system M’ € E?}Lif‘mp with
drp(M', M) < € are internally a.s. under feedback gain K.

We should be cautious that in the above result M is a
system of order n and minimal order r. Thus it has a balanced
Kalman canonical realization of the form (9), and internal
stability of the closed loop system requires that the non-

m,n,p

be another system with

——min,bl,k

minimal sub-realization namely (Asz,0,0) be internally a.s.
The implication is that if the non-minimal sub-realization
is unstable, then robustness cannot be guaranteed. We leave
quantitative and deeper results on robustness to future works.

IX. SIMULATIONS

In this section we apply the ATP algorithm to an unstable
MIMO system of order n = 5 and output-input dimension
(p,m) = (2,2) to obtain a system of order r = 3. Consider a
system M with a d-balanced realization R = (A, B, C):

—0.9214 —0.0176 0.4130 —0.1806 —0.0241 0.0661 2.2774
0.0904 0.9624 0.8531 —0.2160 —0.0874 |:O.2831 1.8997‘:I

A=| 0.4050 —0.9475 0.6156 0.1830 —0.0708|, B=|—0.1828 —0.3285|,
0.2292 —0.3691 —0.1726 0.5934 0.4062 0.1285 1.2140
0.0390 —0.1247 0.0399 0.5056 0.3770 0.2215 —0.198

C*[_1‘6695 1.6789 0.3094 0.7627 0.1260 }
[ —1.5226 0.9225 —0.5052 0.9628 —0.3751 |°

The system has poles pi,p; = 0.8485 + 0.8486i, p3 =
—0.9800, py = 0.9172, and ps = —0.0072, where p; and ps
are unstable with |p1| = |p2| = 1.2. The singular values of the
system are A\; = 25.9078, Ay = 21.7456, A3 = 12.1154, \y =
2.7332, A5 = 0.4586. We run the ATP algorithm with ini-
tial solution as the d-balanced truncated realization and the
gradient projection algorithm in Section VI-A in which the
projection operator onto the tangent space of OE:;?;?;’IC with
k = n = 5is used. In the implementation we use the algorithm
in [18] to compute the alignment distance (the alignment step).
Figure 2 shows the squared of the error d% (M, M) in reduc-
tion in terms of iteration index k (each align-truncate-project
step is called one iteration). Here, the alignment distance is
subordinate to the reduced bundle (’)En,:l‘?,fi;k with k = n = 5.
The first point in the graph is the alignment distance error in
simply using d-balanced truncation. In this case, the reduction
in the error beyond the initial d-balanced truncation is not
significant (although still tangible). The output of the ATP
algorithm i.e., the final reduced order (r = 3) (balanced)

realization is:

—0.9509 0.1079 0.3762

/_111 = |:—0.1892 0.6584 —0.6729} ,BH —0.3070 —2.2463
:I 3A22

[—0.0664 2.2651 }
[ —0.1599 —0.3762

0.3489 0.7297 0.5540

C« _ [71.6816 —1.8453 0.2962 _ [ 0.7742 70.4958]
11 = | —1.5258 —1.2563 —0.6109 —0.5057 0.5366

The eigenvalues of A1y are pj = —1.0349 p}, p5 = 0.6481 +
0.71661 (|p}| = |ph| = 0.9662) and the eigenvalues of Agy
are pj = 1.1700 and p§ = 0.1408. The final approximation
error or squared distance to minimality d%.(M, M) = 1.4048.
Notice that Ass has a unstable pole. Thus in this case,
robustness based on Theorem 30 is out of question. Also while
Aq; has one unstable pole, its complex poles of are are stable.
From an engineering point of view (in certain circumstances)
this might be undesirable. To amplify the effect of unstable
poles, we could try to use a different value for k, the order
of the Gramians. For example, if we use £k = 2n = 10,
then we get Ay; with poles pf,p4y = 0.7415 4 0.7685i and
p4 = —0.9850, where |p1| = |p2| = 1.0679 and Ay with
poles pj = 0.8772 and p; = 0.2008. In this case, Agy is
a.s., thus there is possibility that based on Theorem 30 or
Proposition 31, by stabilizing M, M also is stabilized. Notice
that by changing k, we need to use a different ATP algorithm,
as the manifold OZ?:;?;}’;”C and the projection operator IIp
depends on k.
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reduction error for the ATP alogrithm

reduction error squared

iteration index 6)

Fig. 2. The performance of the ATP algorithm in an example.

X. CONCLUSIONS

In this paper, we showed how the alignment distance can
be used to formulate the problem of model order reduction,
thereby we showed how “minimal realization theory” and be
quantitatively related to the problem of model order reduction.
This formulation can be interpreted as an enhanced version of
the popular d-balanced truncation method. As a byproduct, we
showed that the set of diagonalizable s-balanced systems of
fixed order is metrizable. We also developed an efficient al-
gorithm for model order reduction, and established robustness
of feedback stability under the alignment distance. A better
understanding of model order reduction including better a-
priori bounds, properties of the solution, and improved algo-
rithms are among future possible research directions. We only
studied discrete-time deterministic systems, other classes of
systems especially stochastic systems also need to be studied.
Additionally, the effectiveness of our methods in engineering

applications has to be examined.

APPENDIX A
PROOF OF PROPOSITION 22

Proof: Let R = (| %} A(;} ,[B11],[¢n 0]) be a solution
which achieves the minimum in (17) (11 € R, By; € RY*™
and 011 S RPX1) Note that RH = (au,BH,CH) S

(’)Zl:::nlapbl and we assume that a;; = 1 or a;; = —1 otherwise
R11 will be a.s. We show that another realization (@, Bi1, Cn)
with |a] < 1 achieves a lower cost in (17) than Ry;. As a
first step we have the next simple lemma:

Lemma 32: Any realization R = (a, B, C) at the boundary

of ﬁxnlapbl in ﬁm 1,p (i.e., any realization which is stable but
not a.s. and is a limit of a sequence of balanced a.s realizations)
is characterized by: @ = +1 and BBT = CTC.

Proof: Any such realization R is the limit of a sequence
of a.s. balanced realizations R; = (a;, B;, C;) for which the
equality of controllability and observability Gramians implies
that B; B, = C," C;. This in turn implies both relations above.
Also conversely any realization with satisfying those relations
is a limit of a sequence of a.s. stable balanced realizations. H

Now let @ € O(n) be an orthogonal matrix that achieves
the minimum in (17). Since ||Alls < 1 (see [28]) and A
is a.s., then by Lemma 33 (bellow) all the diagonal entries
of QT AQ are strictly smaller than 1 in absolute value. In
particular, we have |(QTAQ)11| < 1. Thus if we replace Ry,
with the sub-realization R}, = ((Q" AQ)11, B11,C11) which
is an a.s. balanced realization, then it achieves a lower distance
in (17) than what R achieves, which contradicts optimality

of R. (Note that by Lemma 32, By B]; = C],Cy; which
guarantees that R}, is balanced). This completes the proof.

Lemma 33: If ||All2 <1 and |Amax(A4)] < 1, then we have
|Aii] <1forl<i<n.

Proof: Recall that |A;;| < ||All2 < 1. We show that
|A;;| = 1 leads to a contradiction. Let ¢ = 1 for convenience.
Consider the first coordinate vector e;. Since ||Ae;|| < 1 and
|A11] =1 we have A;; = 0 for 1 < j < n. Similarly since
|[ATer|| <1 we musthave Aj; = 0 for 1 < j < n. Therefore,
all elements in the first row and column of A except for the
diagonal entry A;; are zero. Hence, Aq; (with |[Aq1] = 1) is
an eigenvalue of A which is a contradiction. [ ]

|

APPENDIX B
PROJECTION ON TANGENT SPACES OF MANIFOLDS OF
BALANCED REALIZATIONS

The main object of interest in our calculations is the

derivative of h (see (25)) at every point R, denoted as %’,
which is a matrix of dimension r? x (r? + rm+ rp):
dh dWC ko dWor dWer  dWoy (30)

Py By SRy Y R

Notice that due to symmetries in the Gramians W,  and W, 1,
there are at most T(TH) independent constraints. Indeed, there
are exactly ~ r(r+l) + ) constramts and the rank of dh g WTH)
Thus the manlfold of balanced realizations is 0 dimension
0= ir(r—1)4rm+rp. Letd—%—U[ 01 VT, where
Dy > 0, be the full SVD of % Note that V' is square and of

dimension 72 4 rm + rp. The last ¢ columns of V' denoted bZ
the matrix Vz form a basis for the tangent space of OZ%?TI’;)

or OX™™Pl ot R (depending on the value of k, see (25)). We

m,r,p
denote the orthogonal projection operator as I[Ip = Vr Vg . For

@mi“’a’bl d—% can be found from (32) below. For OX™™Pl*

m,r,p m,rp

? can be found from (33), (34), and (35) below.

We establish some notations first. Let A, B € R™*". Then
we have vec(B ® A) = Kpvec(B) and vec(A ® B) =
Kgrvec(B), where
I,®A(,1) o(A¢ner,)

Kp=1I® €19

] and Kr =

L@A(,r) IT®(A(:,T)®IT)
In the above A(:,14) is the i*” column of A and ® denotes the
Kronecker product. By H,,,, we denote the mn X mn com-
mutation matrix, i.e., H, solves vec(X)" = H,,,vec(X)
for X € Rm*™,

Using simple algebra and properties of vec(-) one can show
that for R = (4, B,C) € Ox™™Pl.

m,r,p
awv.

= (vec(BB") " @I2)((I—AT®A")""  (32a)
A ( @ (1,2 A®)A()1)(KL + KRr)
‘Lg; _ (vec(CTC)T ® 1,3) ((1T2 — A A (32b)
::W ©e—AT @A) (KL + K ) Hon
S =Bel+ (e BHm (320)
d
dVi—/:) T T

=(C QL.)Hp +1,C . (32d)

ac
——min,bl,k

For the case of OX

m,rp (k< 00)one can derive recursive
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-
equations to calculate % as follows:

dWc k dWC i
Zl o (33a)
WC,Z = AHBB (AN =AW, 1 AT (33b)
—= =
dWc 7 dWc,ifl (330)

ﬁ: (AWc,i— 1®I)+(A®A)ﬁ—

+ (Ir ® AWC,ifl)H'r'r (Z 2 2)
aw 2xr? Qi
where W, ; = BBT and Tfl =0 € R"”*" . Similarly for
o ‘
%k one can show that:
aa_,
dWO k dWo i
ZZ 1 (34a)
ww =(A )ZflcTCAifl =AW, 1A (34b)
AW, Wo.s
7 (A" Woyim1 @ L) Her + (AT @ AT) 22270 (340)

d
+ (I» ®A We,i—1) (i > 2)

where W,1 = CTC and dw—j# =0 € R”*"". Finally for
%i and dWT“’“ similar recurswe equations are:
k
dWc k ZZ 1 dWc i (35&)
_>
dWw.
L = (B® 1)+ (I, ® B)Hrm (35b)
d
= =
dWe,i dWe i1 ,.
L= (A® A) (i > 2) (35¢)
d_}ﬁ dﬁ
dWo,k dWo 7
. ZZ el (35d)
iy
Wer _ (1, 0 CT) +(CT @ I,)Hy, (35¢)
= =
%W‘” (AT ea") ot 5 g), (350)
d
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