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What are hybrid systems? @

* Hybrid systems
— Dynamical models with interacting discrete and continuous behavior

* Previous work
— Modeling, analysis, stability, observability

— Verification and control: reachability analysis, safety

* In applications one also needs to worry about identification
Gait recognition

Dynamic textures

Video segmentation




|dentification of hybrid systems

« Given input/output data, identify

Number of discrete states

Model parameters of linear systems

Hybrid state (continuous & discrete)

Switching parameters (partition of state space)

Yt

A

Yy = —2 sin(t)

yr = sin(t)
yp = et

\/4\/ :
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Main challenges

« Challenging “chicken-and-egg” problem
— Given switching times, estimate model parameters
— Given the model parameters, estimate hybrid state
— Given all above, estimate switching parameters

* Possible solution: iterate
— Very sensitive to initialization
— Needs a minimum dwell time
— Does not use all data



Prior work on hybrid system identification

« Mixed-integer programming: (Bemporad et al. ‘01)

» Clustering approach: k-means clustering + regression +
classification + iterative refinement: (Ferrari-Trecate et al. ‘03)

» Greedyl/iterative approach: (Bemporad et al. ‘03)

« Bayesian approach: maximum likelihood via expectation
maximization algorithm (Juloski et al. ‘05)

« Algebraic approach: (Vidal et al. ‘03 ‘04 ‘05)
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Algebraic approach to hybrid system ID

 Key idea
— Number of models = degree of a polynomial
— Model parameters = roots (factors) of a polynomial

« Batch methods
— CDC’03: known #models of equal and known orders

— HSCC’05: unknown #models of unknown and possibly different
orders

* Recursive methods
— CDC’04: known #models of equal and known orders

— CDC’05: unknown #models of unknown and possibly different
orders



Problem formulation

« Switch ARX system (SARX)

na(>\t) nC(At)

ye= Y, ai(A)y—j + Z ci(A)ui—; (+ wy)

Given input y; and output u; over an interval

t=0,1,2,....T — 1,

determine:

1.
2. the order {nq(i),nc(:)};'_y of each system;
3.

4. the switching A\; between systems.

the number n of the systems;

the system parameters {a;(i),c;(i)}/—q;



A single ARX system: known orders

Knowing Systems Orders D =ngq+nc+1

Regressors
. T D
Ly — [yb Yt—1s- -y Yt—mg ) Ut—1,Ut—2, - - - 7ut—nc] c k™.
Parameter vector
T
b= [1, —a1,—0a2,...,—0ny, —C1, —C2y ..., —cnc] e ®P.
Data matrix L(ng, nc) Wb oD
co
1
)
: |b=20 Lt L2
T £r
T py 1
P A hyperplane




A single ARX system: unknown orders

Not Knowing Systems Orders  Nq = Na,Ne 2> Ne, D = ng +ne + 1

. T
Regressors  xy = [yt) Yt—15 - s Yt—ng Ut—1, Ut—2, - - - 7ut—’ﬁc] .

Parameter vectors

T
b = _]_, —Qa1,...,—Qan,, le(ﬁa—na)’ —C1,--- —Cng, le(ﬁc—nc)} ,
- T
bl — _017 1) —ai,. .., —0ng, O’r_la—na—la 017 —C1,-.+5 —Cng, Oﬁc—nc—l] )
r T
b2 — _027 1, —ay,..., —Ang, Oﬁa—na—Qa 02, —c1,..., —Cng; Oﬁc—nc—Q] )
Data matrix L(na, nc) Ab D
—— R
xi .
e Lt b
2 1 72
: | [b,b",b,...] =0
L
t A subspace




A Switched ARX system

Embedding in R°  7a > miaXna(i),ﬁc > manc(i), D=ng+nc+1

Configuration Space of Regressors:

1.

Regressors of each system lie on a
subspace in RP

Order of each system is related to the
subspace dimension

Switching among systems
corresponds to switching among the
subspaces

= S1US>U---USpU{outliers}. t

—HlUHQU - U Hp,.




Representing n subspaces

 Two planes
(bflp:c = 0)|or (bga: =0)

po(x) = (biz)(bhz) =0

* One plane and one line e o
— Plane: S1=1{x: blex = 0} W t
— Line: Sy ={x: b{w — bgaﬁ = 0}

S1USy = {x: (blx =0)[or (b{w = bga: = 0}
De Morgan’s rule l
$1USp = {a :|("2) (b] @) = 0|and| (b"z) (b 2) = O}

* A union of n subspaces can be represented with a set of
homogeneous polynomials of degree n

ccccccccc

CCCCCCC



Polynomial fitting

Veronese Map v2(x) € R°

)2 zzy  zjes (23)° wpey (z3)°
_[GD7 w4a3 ofed @37 w363 (a3)?

@2 ofad aded @) oY) ()2

The null space of L» is:

c1=1[0 0100 O]T p1(x) = (va(x)) c1 = 223
—
c2=0 00 0 1 o]T pa(x) = (vo(x))leo = 2oz3

Null space of L, contains information about all the polynomials.



Polynomial differentiation

522 %3 P(:B) — [pl(iB),pQ(ZB): — [331.733,3321'3]
A

O
y= |0| € So DP(y) =
c

Op1 Op2]T i _
or1 Ox1 x3 O
— |9p1 9p2| — |0 o
dxro Oxo 3
dp1  9Opo 1 T2
| Ox3  Ox3] B B

The columns of DP(x) span Sy

The columns of DP(y) span Ss-.

The information of the mixture of subspaces can be obtained via

polynomial differentiation.



Hybrid decoupling polynomial

. T
Lt = [yt) Yt—15-- -y Yt—ng Ut—1, Ut—2, - - . 7ut—’ﬁc]

T
bi = |1, —a1(0), - =, (13 (D) 01 (7 —ma(iy) —€1(D)s -+ =€) (D 01 (o)

For all regressors x €¢ Z' C Z":

n

pu(z) = ] (b?m) — chl,---,an?l " 'x%D = Cg”ﬂ(w) = 0.
1=1

Lemma 1 (Hybrid Decoupling Polynomial) The monomial asso-
ciated with the last non-zero entry of the coefficient vector c,, of
the hybrid decoupling polynomial pn(x) = cgun(m) has the lowest
degree-lexicographic order in all the polynomials of degree n in the
vanishing ideal a(Z) or a(Z").



|dentifying the hybrid decoupling polynomial

n
p@) = [ (672) = 3 cugonpat - 2}P = elvm(@) =0,
1=1

Theorem 1 (Identifying Hybrid Decoupling Polynomial) Let L%, C
RLXJ pe the first j columns of Lyn(fia, ne), and let

m = min {j : rank(L%) = j— 1}.
T he coefficient vector ¢, of the hybrid decoupling polynomial is
T T M, (D
Cn = [(C?) ; le(Mn(D)—m)] e RMnl )7
where c;' € R is the unique vector that satisfies

L™ =0 and ¢7(1)=1.

Lemma 1 (Identifying the Number of ARX Systems) The polyno-
mial found by Theorem 1 is

pi(x) = cLvp(x) = (blx)(bz) - (bla)al ™




Batch algorithm summary

Algorithm 1 (Identification of an SISO SARX System).

Given the input/output data {y:,u:} from a sufficiently excited hybrid ARX
system, and the upper bound on the number n and maximum orders (g, n¢)
of its constituent ARX systems:

1. Veronese Embedding. Construct the data matrix Lz(nge,ne) via the
Veronese map based on the given number n of systems and the maximum
orders (ng,nc).

2. Hybrid Decoupling Polynomial. Compute the coefficients of the poly-
nomial pp(z) = clvp(z) = [T, (bZTa:):c’f_" — 0 from the data matrix L5
according to the previous Theorem and Corollary.

3. Constituent System Parameters. Retrieve the parameters {b;}?_; of
each constituent ARX system from pz(x) according to the GPCA algorithm.

4. Key System Parameters. The correct number of system n is the number
of b; # e1; The correct orders ng(i),n.(i) are determined from such b; ac-

2
cording to their definition; The discrete state is Ay = argmin;—1__ (b;wt> :




Stochastic versus deterministic case

na(>\t) nC(At)
ye= > aMy—;i+ D> c¢i(Du—; (+ wy)

ML-Estimate: minimizing the sum of squares of errors (SSE):
min Zth = Z(bE\tht)Q.
bisA 7

GPCA: minimizing a weighted SSE:

min > au(by )? =Y [ (b )2 (b3, x0)>.
bia>\ t t i#)\t

GPCA is a “relaxed” version of expectation maximization (EM)
that permits a non-iterative solution.



Simulation results
if w,_q1€[-10,0],

) 2ui—1 + 10 4wy
System: Yt = —1.5u;_1 + 10 + wy

b; — b /1151

if w1 € (0,10],

Error: ._max . _min
1=

;. J=1,....n. ‘
Mean Variance

_4
0.04 - GX10 T T
— Algebraic —— Algebraic
— Algebraic+EM — Algebraic+EM
003_ ......................................................................
0025_ SRR ERRERREERRRE
3 : : -
< oo T <
3 o002 : Y
0015 oo A .......................................................................
001 - fo B s s s
0 i ; ;
0.02 0.04 0.06 0.08 0.1 0.12 0.14




Pick-and-place machine experiment

Four datasets of T = 60,000 measurements from a component
placement process in a pick-and-place machine [Juloski:CEPO05]

 Training and simulation errors for down-sampled datasets (1/80):

Dataset | n ng ne SSR SSE
1 2 2 2 ]0.0803 0.1195
2 2 2 2104765 0.4678
3 2 2 2 ]0.6692 0.7368
4 2 2 2 (3.1004 3.8430

 Training and simulation errors for complete datasets:

Dataset n mng Nec SSR SSE
1 with all points |2 2 2 | 4.9696-10"°| 5.3426.10"°
2 with all points |2 2 2| 9.2464-10"%| 7.9081-10"°
3 with all points |2 2 2 | 2.3010-10"°| 2.5290-10"°
4 with all points||[2 2 2| 7.5906-10"°| 9.6362-10°




Pick-and-place machine experiment

| Sub-sampled
i (1 every 80)

_5 L 1 1 1 L L 1 1 L
250 300 350 400 450 500 550 600 650 700 750

1=
All data
(60,000)

Training Simulation gJICKGI'NG



Application in video segmentation
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Application in video segmentation
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Conclusions for batch method

 ldentification of SARX of unknown and possibly different
dimensions
— Decouple identification and filtering

— Algebraic solution that can be used for initialization
» Polynomial fitting + rank constraint
» Polynomial differentiation

— Does not need minimum dwell time

« Ongoing work
— MIMO ARX models: multiple polynomials (HSCC’08)



Recursive identification algorithms

* Most existing methods are batch
— Collect all input/output data
— |dentify model parameters using all data

* Not suitable for online/real time operation

 Contributions

— Recursive identification algorithm for Switched ARX
* No restriction on switching mechanism
* Does not depend on value of the discrete state
« Based on algebraic geometry and linear system ID

» Key idea: identification of multiple ARX models is equivalent to
identification of a single ARX model in a lifted space

— Persistence of excitation conditions that guarantee exponential
convergence of the identified parameters



Recall the notation

« The dynamics of each mode are in ARX form

Ng Nc
ye = > a;(A)y—; + D (A )up—;

— Ut, Yt input/output
-2 €{1,2,...,n} discrete state
- K=ng+nc+1 orderof the ARX models b.
—aj(A),ci(Ar) model t ’

j y Cj parameters o

 Input/output data lives in a hyperplane
T . e ©O . @ ® o @ T ® ()

b’L wt—o ~ ..321. .CL‘Q. ° Eo

— /O data Lt = [ut—nca vy Ut—1yYt—ngyr - - - Yt—1, _yt]T

— Model parameters . . . .
P b; = [cne(), ..., c1(d), ang(4), . .. a1 (i), 117

tttttttt

CCCCCCC



Recursive identification of ARX models

« True model parameters b= [cp,,...,c1,an,,...a1, 1]’
« Equation error identifier

M2 (Ge—yt)
Bryq = by — pu | 1hn( g w2 A>T w2 )
0

. Persistence of excitation: by — b exponentially if
j+S -

p1l_1 < Z My 117 < poli 1
t=j
Jt+S—ne+1

T
pal_1 < Y,  wuy < palg_q
t=j

oooooooo
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Overestimating the system order: single mode

Nne, Ng Order upper bounds, ne > ne, ng > Ng
yt = a1yp—1 + Oyp—2 + crug—1 + Ocouy 2

b=110 ¢cq 0 a7 1

Yt—1 = a1y4—2 + C1Up—2 _

bl=1|c; 0 a;g 1 O

T here is no
unique solution!

b — b*

b* = b+ PL(bg—b)/

tttttttt
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Recursive identification of SARX models

+ lIdentification of a SARX model is equivalent to identification
of a single lifted ARX model

vn (1)

by, .

L1

« Can apply equation error identifier and derive persistence of
excitation condition in lifted space

ccccccccc
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Recursive identification of hybrid model

* Recall equation error identifier for ARX models

b1 =bt—p

r'lib‘t(@t )

1+”<Zy lyt ]+ZJ 1 Y J)

O

« Equation error identifier for SARX models

t=y

) ) "Myvn () (R vn(0))]
hiy1 =ht—p 1+M||nﬂé/n($t)”2
j+S

p1lns, (ry—1= O M@ v ()M < poIyr (k)1

implies that h — Et — 0 exponentially

cccccccc
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Recursive identification of ARX models

bo ~ Dpp(z2)

b ~ Dpn(z1)
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Overestimating the number of modes

hlv,(x)

——

W v (x) = g (@) (b1 ) (bhxy) - - (blay) = 0

N

h converges exponentially to a multiple of h
e%}Dvn(w)Th At ejl;Dl/n(w)Th* -

()

by, =

L=X; &L
— b,
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Overestimating system order: multiple modes

Given: 2 models estimated to be of the following form:

Hybrid decoupling polynomial:[ hi ho hs ha hg hg ] F 2T
Ty
If models are actually of the form T2
2
[EEEwEesnEEae
then hl=}%=h3= O I 2,2 |

h — h*, h* is a function of the true parameter vector / and hq

Using the above idea, enforce zeros in the estimated hybrid
parameter vector }, to obtain h* whose derivatives give the
desired parameter vectors b,

ccccccccc
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Final recursive identification algorithm

Setd =0 Let d = number of zeros enforced, n = number
of estimated modes
A 4
Run 2 identifiers A}, b}
72 72 :
2
and hf, by starting at Von

different initial conditions
hd and h3 and let
identifiers converge

A T
Yes

n=mn-—1<

d=d+1




Experimental results

mode A\ € {1,2} with period 20 sec. Parameters:

input w ~ A (0, 1), gg;:;gi’(ggiifj

- 2
noise w; ~ N (0, 0%) h=[-0.8,1.46,-0.2,-0.63,-0.2,1]T € R®

Experiment

S
S
Q
S
o
S
>
Q
S
(@)

correct number of modes and orders

2 2 (1 |1 (4 |1 (1 correct number of orders,
overestimated number of modes

3 2 (1 |1 12 12 |2 correct number of modes,
overestimated number of orders

4 2 (1 41 43 12 |2 overestimated number of mqogdes
and orders AGING




Cases 1 & 2 (noiseless)

’ﬁ ’ﬁ . ’ﬁ o N a n, C Hybrid model parameters
w \— \& 7 2 . . .
1 1 2 1 1 S
2 K o e
-20 200 400 600 800 1000
ARX model parameters
2 T .
’ _a(kt)
ORm il |"
Hybrid model parameters 2 , . .
2 : : ' : 0 200 400 600 800 1000
— ARX model parameters
0 = 2 T T T
_c(kt)
_2 l l l l 0 I‘I — l
0 200 400 600 800 1000 _, | . . , ,
ARX model parameters 0 200 400 600 800 1000
2 - ‘ ' . Number of ARX models
0l | JUUIUOUL i
_2 1 1 1 1 2r —n(kt)
0 200 400 600 800 1000 - : .
ARX model parameters 0 200 400 600 800 1000
2 , , , , . Number of zeros
1 T :
. | —c(t) 1 H—d0n)
0 | ououml. o5 U— _
2 1 1 1 1 0 —] T
0 200 400 600 800 1000 %% 200 200 600 800 1000

Case 1 Case 2 AGING
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2 . .
——
0%
WA —
'20 500 1000

ARX model parameters

1500

Number of ARX models

2
0 500 1000 1500
Number of zeros
3 -
5l —d(kt) |
1 L -
0 ) . ]
0 500 1000 1500

Noiseless case

Hybrid model parameters

2 . T
——
0% — ——
WA B -
_2 1 1
0 500 1000 1500

ARX model parameters

Number of ARX models

2

1t[—n(R) ]

0 500 1000 1500

Number of zeros

g _d(kt) |

1ir i

0 . , i

0 500 1000 1500
Noisy case, o = 0.01

Y SAiAGING



Hybrid model parameters

2
0 E
-2 : :
0 500 1000 1500

0 500 1000 1500
Number of ARX models Number of ARX models
3 T T i 3 T T i
2r | ol I
1 L _n(lt) l ) _ 1 L _n(kt) ' . .
0 500 1000 1500 0 500 1000 1500

Number of zeros

Number of zeros

10p|—d(R) |
5-
0

] 1ob[—d) ' |
- 5- -
0

0 500 1000

Noiseless case

1500 0 500 1000 1500

Noisy case, o = 0.01 AGING
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Experimental results - summary

Experiment handb Spiking
convergence
1 40 ms None
2 200 ms Minimal
3 (noiseless) |400 ms Minimal
3 (noisy) 400 ms More than
noiseless
4 (noiseless) | 1100 ms Minimal
4 (noisy) 1100 ms Significant
Experiment | n [ng | ne|l n [ ng| ne
1 2 [1 |1 |2 [1 |1
2 2 [1 |1 |4 [1 |1
3 2 [1]1 ]2 |2 |2
4 2 (1 [1 |3 |2 |2

Case 4 Noiseless vs Noi

ARX model parameters

Sy

0 500 1000

11111111
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Conclusions and open issues

 Contributions

— A recursive identification algorithm for hybrid ARX models of
unknown number of modes and order

— A persistence of excitation condition on the input/output data that
guarantees exponential convergence

* Open issues

— Persistence of excitation condition on the mode and input
sequences only

— Extend the model to multivariate SARX models

— Extend the model to more general, possibly non-linear hybrid
systems



