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Two View Geometry

From two views
- Can recover motion: 8-point algorithm
— Can recover structure: triangulation

oy " °® Why multiple views?
- Get more robust estimate of structure: more data “2

- No direct improvement for motion: more data &
unknowns
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Why Multiple Views?

« Cases that cannot be solved with two views
- Uncalibrated case: need at least three views
- Line features: need at least three views

- Some practical problems with using two views
- Small baseline: good tracking, poor motion estimates

- Wide baseline: good motion estimates, poor
correspondences

-~ With multiple views one can
- Track at high frame rate: tracking is easier
- Estimate motion at low frame rate: throw away data
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Problem Formulation

Input: Corresponding images (of “features”™) in multiple images.
Output: Camera motion, camera calibration, object structure.
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Multiframe SFM as an
Optimization Problem

Can we minimize the re-projection error?

n m 4 measurements
F(R, T, X7) = 3 3 I}~ w(R:X? + 1)
f=1i=1 > unkrfowns

3n+6{(m-1)-1
2nm

- Number of unknowns
- Number of equations

» Very likely to converge to a local minima
Need to have a good initial estimate
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Motivating Examples

Image courtesy of Paul Debevec
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Motivating Examples

Image courtesy of Kun Huang
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Using Geometry to Tackle
the Optimization Problem

» What are the basic relations among multiple
images of a point/line?
- Geometry and algebra

* How can I use all the images to reconstruct
camera pose and scene structure?
- Algorithm

» Examples
- Synthetic data
- Vision based landing of unmanned aerial vehicles
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Projection: Point Features

Homogeneous coordinates of a 3-D point p
X=[X.Y,ZW] T eR* W=1) P
Homogeneous coordinates of its 2-D image

z =[xy, z]T eR3, (2= 1)

‘7 X
Projection of a 3-D point to an image plane

AB)z(t) = N()X li,
A(t) € R, N(t) = [R(t), T(t)] € R3** % ]

(RO.TW) ™ 5
R(t) = AR(), T(t) = AD)T(t)
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Multiple View Matrix for
Point Features

+ WLOG choose frame 1 as reference
; x (\@i = MRiw1 + T) < [SiRx) TT)] [)‘11} =)
zoRoxy 21>
M= 5%3:3331 -’EélTa € R3(m—1)x2

TmBRmx 1 TmIm

« Rank deficiency of Multiple View Matrix
rank(My) < 1 rank(Mp) = 1 (generic)
' rank(Mp) = O (degenerate)
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Geometric Interpretation
of Multiple View Matrix

o X (Rox1)

ZoRox1 215
T3 Rzx 3T
Adrp: 3 .3 3 3 3

TmBRmx1 TmTm

N2 x (T2)
i)

Entries of M, are normals to epipolar planes
+ Rank constraint says normals must be parallel
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Multiple View Matrix for
Point Features

wyRomy  @2T>
MJJ == ﬁI%:S:El ﬁ:TB (= R3(m—l)><2

ﬁRmml TmTm
0 <rank(Mp) <1
'Mp encodes exactly the 3-D information missing in one image.

rank(M,) = 1 rank(M,) =0

02
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Rank Conditions vs.
Multifocal Tensors

m,_g £ “’ii Two views: epipolar constraint
rank | 123781 ®373 || =1 = 2TT,Rx; =0

| EmBRme1 TmIm il

[| Z@2Romy @275 |]

Three views: trilinear constraints
Z3R3wy 373

=1 = &;(Ra\T] -T,z] R} )&; =0

rank

L ﬁ:-m.R'n':ml TmTm il

« Other relationships among four or more
views, e.g. quadrilinear constraints, are
algebraically dependent!
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Reconstruction Algorithm
for Point Features

® leen m Images Of n pOIﬂtS {(1311 ..... :CJ _____ w;ijn)}.izl.‘.”m

j=Ll,.n
i‘éﬁgx‘i i TQ |

H
A”’I SE_%R?,{BI}_ 1 5313[1—'3 =0 c R?;(m— 1)x1

ﬁ{)'ran:E‘i ZhTm ]
Mzlga! o}

Azt @t Th

If n > 6, in general rank(P;) =11
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Reconstruction Algorithm
for Point Features | ijr.2) T
LT

PN J
i| T3hR3x
Given mimages of r(>86) points N s 53 5[ : =0
For the #7 point @ Rin :B{ #nTim
o= . = SVD
:I’Ji,Rgﬂ:i GEJQTQ
- ; : i ‘
méR:.;a:‘i wéTg, {/\1} =i o
T e pio 5
37{?? Rm.fﬂ'i m{rrTm _fl"""/\‘/_ L__,L_z_
> Iteration <__
For the #7 image Y f\‘“-f‘-‘-
Loz SVD /N
Meloael ol
DDl I s :
A »] D w; @ [?g] =0= (R}, T})
i i i
AR @ 3?: :E}; -
1 i i | If n> 6, in general rank(F;) =11 |
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Reconstruction Algorithm
for Point Features

Initialization

- Set k=0
Compute (Ro,T>) using the 8-point algorithm
] 1

Compute )\ = }r; and normalize so that aj, = 1

Compute (R;.T;) as the null space of P,—>, .

Compute new M =X, as the null space of
M7, j=1,...,n. Normalize so that \;,; =1

If I\ = Mitall < « stop, else k=k+1 and goto ?
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Reconstruction Algorithm
for Point Features

90.84°
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Reconstruction Algorithm
for Point Features

4-Viow Reconssruction with 24 Poinls:

0,-04.10°

=87 88°
L 0,-93.73"
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Multiple View Matrix for
Line Features

Homogeneous representation of a 3-D line [,
X=Xo+uV, XoVeR' ucR

Homogeneous representation of its 2-D image

l=[a,bc)  eR® az+by+c=0

Projection of a 3-D line to an image plane

IOx(t) =1)"'NHX =0

-

N(t) = [R(t), T(t)] € R3*4
(R(),T(t)) - &
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Multiple View Matrix for
Line Features

* Point Features e Line Features
TRoxy ®3T> E;:R?E I;{T?
M= rr.3fif3:r1 .1:3:'1"3 e R3M-1x2 pp = té]?,all ing3 c R(m-1)x4

TmBmT1 TmTm l;",;fi'mll f.,':;Tm

M, (’1‘) =0

rank(M) =1

M encodes exactly the 3-D information missing in one image.
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Multiple View Matrix for
Line Features

ERoly 12T,
BR3ly B3T3

My = e R¥4 rank(M)) =3,2,1.
4 EIR;;!]_ Igfﬂl (M)
ERsly LTy
l1,15,13.14,15 eachis an image of a (different) line in 3-D:
Rank =3 Rank =2 Rank =1
any lines intersecting lines same line
LS\ Lo |
i ;{x;a»jf\
05 & \ 05
01 [
05% 0o 02*
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Multiple View Matrix for
Line Features

rank(Mp) =1 rank(M;) =1
zi(Tel RT - Riey 7))@ =0 | | U TT Ry - ;TT;:?RJH =0

o5
rank(Mp) = 0 rank(M;) =0
X7 - alis, L?\
()1 oo ()3- i 02“"'"_:63 %
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Reconstruction Algorithm
for Line Features

Initialization

- Set k=0

- Compute (R2,T>)and (R3, T3)using linear algorithm
- Compute M\ = }r;_ and normalize so that Ot%‘ =1

Compute (R;.T;)as the null space of Pi—> . -

Compute new M =XM_: as the null space of
M7, j=1,...,n. Normalize so that \;,; =1

4. If M — M+l < € stop, else k=k+1 and goto 7
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Reconstruction Algorithm
for Line Features

Initialization

- Use linear algorithm from 3 views to obtain initial
estimate for (R5,T>) and (R3,T3)

Given motion parameters compute the
structure (equation of each line in 3-D)

Given structure compute motion

4. Stop if error is small stop, else goto 2
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Universal Rank Constraint

+ What if I have both point and line features?
- Traditionally points and lines are treated separately
- Therefore, joint incidence relations not exploited

« Can we express joint incidence relations for
- Points passing through lines?
- Families of intersecting lines?
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Universal Rank Constraint

« The Universal Rank Condition for images of a
point on a line

D?lLRle DiT,

DIR3Dy D3T3

where { g,l:
i

or fv

T
or ;.

M=

€Ty
D-ﬂﬁ Rm D 1 D#}_Tm

1. If Dy = I; and D} = &; for some i > 2,
then:

-Multi-nonlinear constraints
1 <rank(M) < 2. among 3, 4-wise images.
2. Otherwise:

-Multi-linear constraints

0 < rank(M) < 1. among 2, 3-wise images.
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Universal Rank Constraint:
points and lines
F>Roly #3T>
M= T3R3l; *3T3 c RLOX4
TaRaly xTaTy
ILRsl, 1LTs

1 <rank(M) < 2.

rank(M) =2 rank(M) =1
) l ;"‘ 02/2; 4
ATE N g0 l\x
01\ 4'2[ L3 \ /g.\\‘
!1 04 ! 04 ",»" -‘.’I
02 03 ( .

u‘!l 05
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Universal Rank Constraint:
family of intersecting lines

rot, 13T,
Rl 1T
ITR, IITy
'rety Ul
5541 t5l5

My = e R**4, 1 <rank(iT)) < 2.

l1.15,13. 14, I5Aeach can randomly take the image of any of the lines:
Tk

e ‘ Nonlinear constraints
“os among up to four views

09"
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Universal Rank Constraint:
multiple images of a cube

01

Three edges intersect at each vertex. ,

M=

ehroe)
llJf

G

m{_n R ’B"i
lvliiiTRm 37'1
BIT R
lﬁi’TRm xi

ﬂi‘éTz
13
5,72
I,g‘_’ T,
IQJITQ

@m Tim
EAEI;!J ‘!‘TFN
i T
traﬁrTTm ]

0 <rank(M7) <1
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Universal Rank Constraint:
multiple images of a cube

| i
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Universal Rank Constraint:
multiple images of a cube

Motion 1-2 Motion 14
7 7
wg| [ -poim aigorihm e il
3 Painl faatue only g
Foll= Mixed leziures 35
b £4 ~1
g & A
3 a .
H Z - o
P il 25
] - : L
&4 = L e
1 3 4 5 a 3 4 5
Point famure nosas [powaks) Poirt laaiute nosax (pixeks)
Motion 1-2 Motion 1-4
7 a0
-
feo y £
gm // gao
5© / B
) = i / 4
g ;B"_',/ k] a el
E « /Lyff-*" 820 / "
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Poin leziure noles (phals) Poin leaiura noises (pixels)
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Universal Rank Constraint:
multiple images of a cube

Enor in Struclua Esfimadion

250
—— B-poiniaigorihm
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Multiple View Matrix for
Coplanar Point Features

Homogeneous representation of a 3-D plane 7

aX +bY +cZ+d=0. | g T
i /L :
X=0 =[x : 7l eR3n2cR | ' - i
D3R»D1 DiT»
c 1l
DIRsD; Dits I
M= : : b
D}l{; RJHD]_ D}JﬁTm ,
7Dy 72 i
O‘
Corollary [Coplanar Features]
Rank conditions on the new extended M
remain exactly the same! (). T(t)) "o
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Multiple View Matrix for
Coplanar Point Features

Given that a point and line features lie on a plane 7 in 3-D space:

In addition to previous constraints, it simultaneously gives homography :

i T 2 Iy, —
Z;(Riw? — TirD)ay =0 I (Rym= =Ty )l =0
0 <rank(M) <1 0 <rank(M;) <1
@ Rpwy @31 E%’:n?ﬁ I%:T?
373','23:1:1 @T‘a E3R3l‘,1 I3T3
My=| 1 | eRGmDX2 = T Ty [ ermxd
Emfimxy TmTm f,'f”f?mi]_ f,'rNTm
11'1:1:1 w2 ﬂ'ln 2
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Example: Vision-based
Landing of a Helicopter
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Example: Vision-based
Landing of a Helicopter
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Example: Vision-based
Landing of a Helicopter

Comparison of Motion Estimation Algorithms

w
o

. (near 2-vew
kL B nonlinear 2-view
[ linear m-view

Translation error (cm)

N linear 2-view
B nonlinear 2-view
[ linear m-view

Rotation enor{degrees)

¥ o
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General Rank Constraint
for Dynamic Scenes

For a fixed camera, assume the point moves with constant acceleration:

X(1) = Xo +tvo + 5a

/ X=|" RO
-\ / T c
6 / \ M) = [I tI E—EI 0] € R3x10

Mxt) =N1X, XeRO xzeRr3

Before:

Now:
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General Rank Constraint
for Dynamic Scenes

Single hyperplane Inclusion
A\ A

% Y F\ 2 f\

Ny o« 32N

NGOY LA |33 e
Xl - b e
L] %\

Intersection Restriction to a hyperplane

\

\
I\\ /%/ e /{ I"‘ r"f ‘II"‘
l\\ :3/ \

Course #23: Multiple-View Geometry for Image-Based Modeling. Lecture F: Geometry and Algebra of Multiple Views

General Rank Constraint
for Dynamic Scenes

Projection from n-dimensional space to &-dimensional space:
)\,;_a::,,.;z ]_]?'_X.,‘_, i 1,...*?71,

no=[R 7],
R; € ]E{(l‘\f‘+1)><(f\'+l)‘ ’f‘j € R(h‘.“}‘l)x('nfk-)

We define the multiple view matrix as’
(D%)?@Dl (D%)?}
M= | (P3) RsD1 (D3)'Ts

(D;Ln )TR'T??-DI (DWJ'I_P.)TT?TL

where D s and D,J' 's are images and coimages of hyperplanes.
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General Rank Constraint
for Dynamic Scenes

Single hyperplane Projection from R” to R¥

D1=31 D%:_gl

i

A 0<rank(M) < (n—k)
P
[\\ S\
‘\\ ,"\ ,,1"\\ Projection from R3to R2
\\) A\\y]_,” Dl = 37 DlJ- = S?J'
S \)\ k
i ~ 0<rank(M) <1
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Summary

P

Incidence relations {——) rank conditions

P

Rank conditions ) multiple-view factorization

L

Rank conditions imply all multi-focal
constraints

P

Rank conditions for points, lines, planes, and
(symmetric) structures.
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Incidence Relations
among Features

“Pre-images” are all incident at the corresponding features

e e e

Om

02
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Traditional Multifocal or
Multilinear Constraints

+ Given m corresponding images of n points x{

Mzl =n,x7 N, = [R;, T
This set of equations is equivalent to
Heyden et.al. Faugeras et.al.
I'Il €] 0 elaly 0 X .'fi_ﬂ]_
] e BN R LR S
Mym 0--- 0 &y —Am :I:'-,“,‘,,I'Im
~ S—
Hpe€ RSmX(m+4) F}J c R3m><4

det (H(m+4)x(m+4)) =0 det (F4><4) =0
« Multilinear constraints among 2, 3, 4 views
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Multiview Formulation:
The Multiple View Matrix

D?lLRZDL DETs
D;= = il
P D3 R3Dl D3T3 ! wihara l_ . B 0 'iT
: ; D= z; or I;.
D-‘.l-n R?TJ-D]_ -D?J-,}Tm
Point Features Line Features
Fripe, 27> BRoly 1Ty
My, = ‘5317:31:1 53'3'3 eR3m-1x2 = 1 33‘1 ié?"g e Rim—-1)x4

I Ruly 45T

0 < rank(M;) < 1

TmRAm® 1 Tm T

0 <rank(Mp) <1
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